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Abstract
Electromagnetic fields in the air gap of an electric machine produce electromagnetic forces between the rotor and stator. The total force exerted on the rotor due
to the eccentric rotor position is called the unbalanced magnetic pull. This
eccentricity force is directed roughly over the shortest air gap. At low frequencies, the vibration amplitudes of flexural modes may be large enough to couple
the electromagnetic system to the mechanical one. This electromechanical interaction changes the vibration behaviour of the system.
The main purpose of this dissertation is to reveal the main rotordynamic consequences induced by the electromechanical interaction in cage induction motors.
Another goal is to achieve this by deriving a simple and representative electromechanical rotor model with physical variables and parameters.
In this study, a new parametric model was derived for the unbalanced magnetic
pull induced by an arbitrary rotor motion in transient operation. The parameters
of this model can be determined analytically from the basis of the machine characteristics or estimated numerically as in this study. To estimate the parameters,
an efficient numerical method was developed from the analysis of impulse
response. The numerical results showed that the simple electromagnetic force
model, together with the estimated parameters, predicts the unbalanced magnetic
pull fairly accurately.
An electromechanical rotor model was derived by combining the Jeffcott rotor
model with the simple electromagnetic force model, including two additional
variables for the harmonic currents of the rotor cage. Applying this model, the
rotordynamic effects of electromechanical interaction were studied. Three
induction motors were used in the numerical examples. The results obtained
show that the electromechanical interaction may decrease the flexural frequen3

cies of the rotor, induce additional damping or cause rotordynamic instability.
These interaction effects are most significant in motors operating at, or near, the
first flexural critical speed. Excluding the potential rotordynamic instability, the
numerical results indicate that the electromechanical interaction effectively
reduces the unbalance response close to the first flexural critical speed.
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List of main symbols
including corresponding SI-units

a

unbalance vector, [m]

a p±1 , aq, p±1 parameters related to different force models, [A/m]
Bˆ δ, p

space vector for the magnetic flux density in the air gap;
fundamental component, [T]

Bp

amplitude for the magnetic flux density of fundamental component,
[T]

c p±1

force model parameters, [N/A]

d

external viscous damping coefficient, [N.s/m]

de

electromagnetic damping coefficient, [N.s/m]

d r , ds

outer diameter of the rotor; inner diameter of the stator, [m]

Fe

electromagnetic total force exerted on the rotor, [N]

G

frequency response function between the electromagnetic force and
whirling radius, [N/m]

iˆ p±1

space-vector variables for cage-current components, [A]

iˆ r,υ , iˆ s,υ

space-vector for harmonic rotor and stator current component υ ,
[A]

iˆ re, p

space-vector for fundamental component of equivalent rotor
current, [A]
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k

shaft stiffness coefficient, [N/m]

ke

electromagnetic stiffness coefficient, [N/m]

k0 , kq0

parameters related to different force models, [N/m]

k p±1

coupling factors due to the leakage flux and saturation, [-]

k p±1

force model parameters, [N.rad/m.s]

L

self-inductance of one rotor-cage mesh, [H]

Lm, p

magnetizing inductance of fundamental component, [H]

L r,υ

rotor inductance of harmonic component υ , [H]

L rσ, p , L sσ, p leakage inductance of rotor and stator for fundamental component,
[H]
l , le

overall length of the core; equivalent core length, [m]

m

mass of rotor core, [kg]

N se

equivalent number of turns in series of stator winding, [-]

p

number of pole-pairs of the motor, [-]

pc

centre-point position of the rotor, [m]

q p±1

transformed variables related to the cage-current components, [N]

R

inner radius of stator core, [m]

R r,υ , R s,υ

rotor and stator resistance of harmonic component υ , [Ω]

Rω

speed ratio, [-]
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s

slip of the rotor with respect to the fundamental component of the
stator field, [-]

Te

electromagnetic torque, [N.m]

t

time, [s]

uˆ s, p

stator voltage of fundamental component, [V]

z p ±1 z p±1

force model parameters, [rad/s]

α

ratio between the apparent electromagnetic stiffness and the shaft
stiffness, [-]

γ

parameter associated with the slip and number of pole-pairs, [-]

δ , δe

air-gap length; equivalent air-gap length, [m]

δi

decay constant of eigenvalue i, [-]

ζ

factor for external viscous damping, [-]

µ0

permeability of free space, [H/m]

τ p±1

time constants for cage-current components, [s]

υ

ordinal number of a harmonic, [-]

ψˆ r, p , ψˆ s, p

rotor and stator flux linkage of fundamental component, [V.s]

ω

angular frequency, [rad/s]

ωn

natural bending frequency of the rotor, [rad/s]

ωs

supply frequency, [rad/s]
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ωw

whirling frequency, [rad/s]

Ωm

rotational speed of rotor, [rad/s]

x

complex number

x*

complex conjugate of x

x̂

space vector

x%

dimensionless equivalent to x

x

magnitude of complex number x

xr , xs

complex number (or space-vector) in rotor or stator reference frame

x& , &x&

first and second derivative of x with respect to time

Abbreviations

FRF

Frequency Response Function

UMP

Unbalanced Magnetic Pull
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1. Introduction
1.1 Background of the study
The electromagnetic field in the air gap of an electric machine induces
electromagnetic forces between the rotor and stator. An eccentric rotor position
produces an unbalanced magnetic pull (UMP) appearing roughly over the
shortest air gap. It is well known that one component of this eccentricity force
induces additional static load, which influences bearing wear. In addition, the
eccentricity force may couple the electromagnetic system with the mechanical
via the flexural vibration modes of the shaft. This interaction decreases the
natural frequencies and the critical speeds related to these flexural modes.
Moreover, the electromechanical interaction induces additional velocitydependent forces, which may dampen the flexural rotor vibrations or produce a
source for self-excited vibrations. In the worst case, the electromechanical
interaction may induce rotordynamic instability leading to catastrophic failure
due to stator-rotor contact during operation.
The electromechanical interaction is most significant in motors operating close
to the first flexural critical speed. Because of excessive vibrations, this critical
speed is usually avoided in constant speed operation, and passed as quickly as
possible in transient speed-up and run-down situations. However, this is not
always possible. In addition, the extended application of adjustable-speed drives
has increased the requirement to operate as closely as possible to the critical
speeds, and to frequently cross them. Altogether, it is evident that the
rotordynamic design and vibration control of high-power motors can be greatly
enhanced if the electromechanical interaction in transient operation can be
described and modelled with a simple and robust model.
Figure 1 shows, as an example, the electromagnetic field of an induction motor
during operation. The electromagnetic field in the cylindrical air gap around the
rotor can be divided into the spatial harmonic components. The main and strongest component is the fundamental component, which is required for the generation of torque. The order of this component is the same as the number of polepairs of the machine, p. An eccentric rotor position together with the fundamental field component produces two additional field components in particular. The
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order of these components, p ± 1 , differs by one from the order of the fundamental component. The main part of the eccentricity force is produced by these
additional field components together with the fundamental field. This description is complicated to some extent due to the equalising currents of the rotor
cage. These harmonic currents are induced by the eccentric rotor position together with the fundamental field; it is also possible for them to induce the same
field components and decrease the total eccentricity force exerted on the rotor.

Figure 1. The magnetic field of a 15 kW four-pole ( p = 2 ) induction motor
during the rated operation. The rotor is in concentric position.

Table 1 shows the eccentricity force compared to the gravity force of the rotor
for three example motors presented later in this study. As can be seen, the force
ratio is largest in the smallest motor. However, in small induction motors the
electromechanical interaction has only a minor effect. The reason is the relatively stiff shaft, which can be seen by comparing the rated speed and the critical
speed. It appears that the electromechanical interaction is important, particularly
in high-power induction motors with a flexible shaft, large bearing span and
small air-gap length. The equations behind this statement will be presented and
discussed later in this study.
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Table 1. The ratio between the electromagnetic force and the gravity force exerted on the rotor when the eccentricity is 10 % of the air-gap length. In addition, the table shows the rated speeds and the evaluated flexural critical speeds.
Force ratio

Rated speed

Critical speed

-

[rpm]

[rpm]

15 kW

2.55

1500

21 400

2600 kW

0.29

3600

2000

4250 kW

0.076

1800

2340

Motor

1.2 Aim of the work
The main purpose of this study is to reveal the main rotordynamic consequences
induced by the electromechanical interaction in cage induction motors. There is
a secondary goal to achieve this by deriving a simple and representative electromechanical rotor model with physical variables and parameters.

1.3 The scientific contribution
The scientific contribution of this study is listed below:
1. The development of a simple electromechanical rotor model for cage induction motors.
2. The extension, generalisation, and physical explanation of the electromagnetic force model developed previously. (The term electromagnetic force
model is used in this study both for the original model presented by Arkkio
et al. (2000) and for the extended model presented in Publication P4. The
models are equivalent in steady state operation after certain transformation
of variables.)
3. The development of a method to estimate the parameters for the electromagnetic force model from the numerically simulated impulse response
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(together with Asmo Tenhunen; details of contributions are given in Section
1.4 together with the presentation of Publication P3).
4. A numerical verification of the electromechanical rotor model and the electromagnetic force model.
5. An increased understanding of the electromechanical interaction effects on
the rotordynamic behaviour of cage induction motors.
Each item of this list is discussed in Section 1.4, in which the publications are
presented. In addition, Table 2 summarises the relation between the scientific
contribution and the publications.
Table 2. The interrelation between the scientific contribution and the publications.
Publication

Scientific contribution

P1
1. Electromechanical rotor model

P2

P3

P4

P5

X

P6
X

2. Electromagnetic force model

X

3. Parameter estimation
4. Numerical verification

X

5. Effects of electromechanical interaction

X

X

X

X

X

X
X

1.4 Publications
The publications are listed in the order of completion.

Publication P1

In this paper, the electromagnetic force model developed previously (Arkkio et
al. 2000) is combined with a simple mechanical rotor model. The derivations are
carried out by applying the complex formulation. The effects of interaction are
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demonstrated using as an example a 15 kW four-pole motor. The possibility of
rotordynamic instability is demonstrated.
The main contribution of this paper is to review the setting of the problem. This
study highlights the crucial question of the physical explanation of the electromagnetic force model.
This paper was written by Holopainen. The co-authors, Tenhunen and Arkkio,
contributed to the paper with several discussions and valuable comments.

Publication P2

In this paper, the simple electromechanical rotor model, presented in Publication
P1, is verified against a more advanced numerical simulation model. The mechanical behaviour of the rotor is modelled in the same way in the both models.
The simple and the more advanced models yield results that are almost the same.
The main contribution of this paper is the demonstration that the simple rotor
model is well suited to investigate the effects of electromechanical interaction in
the rotordynamics of electric motors.
This paper was written by Holopainen. The co-authors, Tenhunen and Arkkio,
contributed to the paper with several discussions and valuable comments.

Publication P3

In this paper, a way of applying the impulse response method to estimate the
parameters of the electromagnetic force model presented by Arkkio et al. (2000)
is suggested. The electromagnetic system is usually non-linear due to the saturation of magnetic materials. Thus, the effective estimation of the force parameters
is crucial. The derived equations show the mathematical equivalency of the
impulse response method and the forced whirling method used by Arkkio et al.
(2000). Further, this paper presents some additional features enhancing the capability of the impulse response method. The numerical results show that this
method is very effective. In addition, the electromagnetic force model is com-
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bined with a mechanical rotor model and the feasibility of the approach for the
electromechanical rotor problems is demonstrated.
The main contribution of this paper takes the form of equations that demonstrate
the equivalence of the impulse response method and forced whirling method
when certain prerequisite conditions are fulfilled. These equations are utilised later
when a more complicated estimation problem is encountered in Publication 5.
This paper was written by Holopainen. The co-authors, Tenhunen, Lantto and
Arkkio, contributed to the paper with several discussions and valuable comments. Holopainen developed his original idea of applying the impulse response
method, as well as generating the first working analytical implementation of his
idea. Tenhunen developed the method further and applied it, together with other
authors, to several applications (Tenhunen et al. 2003a–2003e, 2004, Tenhunen
2003).

Publication P4

This paper presents a new electromagnetic force model for the eccentricity force
exerted on the cage rotor due to the arbitrary rotor motion in transient operation
conditions. The system equations combine the parametric force model with the
space-vector model of the machine. The parameters of the model can be determined analytically from the machine characteristics or estimated numerically
from the simulation of the field and circuit equations. As individual cases, the
general equations were simplified for the constant flux operation, for the steadystate operation, and for the whirling motion. The form of one simplified model is
equivalent to that of the electromagnetic force model presented previously (Arkkio et al. 2000).
The main contribution of this paper is the derivation of the analytical equations
for the eccentricity force in arbitrary rotor motion. These equations give the
physical explanation for the phenomena observed in the numerical simulations.
In addition, the equations offer a framework to link together the previous analytical (e.g. Früchtenicht et al. 1982a–b), numerical (Arkkio et al. 2000), and
experimental investigations (Arkkio et al. 2000).

19

This paper was written by Holopainen. The co-authors, Tenhunen, Lantto and
Arkkio, contributed to the paper through several discussions and valuable comments. Dr Lantto contributed by proposing and supporting the derivations of the
space-vector formulation. In addition, Dr Lantto proposed the idea to simplify
the general equations for the constant flux operation, which, in this connection,
forms an important subcategory of operation conditions.

Publication P5

This paper presents an efficient method of estimating numerically the parameters
of the new electromagnetic force model presented in Publication P4. The developed method is an extension of the impulse response method presented in Publication P3. The numerical results obtained verified the form of the new electromagnetic force model presented in Publication P4 in steady-state operation.
The main contribution of this paper is the estimation method for the parameters
of the new electromagnetic force model.
This paper was written by Holopainen. The co-authors, Tenhunen, Lantto and
Arkkio, contributed to the paper with several discussions and valuable comments.

Publication P6

In this paper, a new simple electromechanical rotor model is presented to assess
the effects of electromechanical interaction in the rotordynamics of cage induction motors. This model combines the developed electromagnetic force model,
presented in Publication P4, with a simple mechanical rotor model. The electromagnetic parameters of the example motors were estimated using the method
presented in Publication P5. In this connection, two new features that enhance
the feasibility of the method were applied: the averaging method and the rotating
excitation pulse. To generalise the results and observations, the electromechanical rotor model was transformed into a dimensionless form. This model was
used to demonstrate the main rotordynamic consequences induced by the electromechanical interaction. The results show that the electromechanical interaction may decrease the natural frequencies of the rotor, induce additional damp-
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ing or cause rotordynamic instability. These interaction effects were most significant in motors operating at, or near, the first flexural critical speed.
The main contribution of this paper is the presentation of the electromechanical
rotor model. Further, the contribution includes the furthering of our understanding
of the rotordynamic consequences induced by the electromechanical interaction.
This paper was written by Holopainen. The co-authors, Tenhunen and Arkkio,
contributed to the paper through several discussions and valuable comments.

1.5 Structure of the work
The research work accomplished for this dissertation can be divided into the
following major steps:
1. A detailed literature review in Chapter 2 is given to present the state-of-theart of the methods used to model electromechanical interaction in the rotordynamics of electric motors.
2. An overview of the new methods and the results obtained in this study is
presented in Chapter 3.
3. A discussion of the results and the conclusions are given in Chapters 4 and 5.
4. The publications are reprinted in Appendices I–VI.
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2. Overview of the electromechanical
interaction in rotordynamics
This literature survey focuses on the electromechanical interaction in the rotordynamics of electric machines. There are several subjects closely related to this
topic. One of these is the UMP due to the eccentric rotor motion. There are two
fresh literature reviews on this subject written by Tenhunen (2003) and Dorrell
(1993). The UMP represents the total force exerted on the rotor. The spatial distribution of the electromagnetically induced forces are discussed and reviewed
by Tímár (1989) and Yang (1981). The effects of electromechanical interaction
on torsional vibrations have been historically more important than on lateral. A
short state-of-the-art review and literature survey of torsional vibrations is given
by Belmans (1994). In the current literature study, all the above-mentioned
overlapping fields of research are left outside its scope, as the focus is on the
electromechanical interaction in lateral rotor vibrations of electric machines.

2.1 Critical speed of electric machines
Föppl (1895) introduced the most simple rotor model, which is still in active use.
This model usually bears the name of Jeffcott (1919), probably because his presentation of the rotordynamics with this same model was so clear. The equations
of motion for this simple rotor model with unbalance excitation can be written
using the complex formulation of (Childs 1993)
2
m &&
pc + d p& c + k pc = maΩm e jΩmt

(1)

where pc is the centre-point position of the rotor, the bar under a symbol denotes the complex quantity, m is the mass of the rotor, d the external viscous
damping, k the shaft stiffness, a describes the unbalance vector, Ωm is the rotational speed of the rotor, the dot above a symbol denotes the first derivative with
respect to time, and the double dot the second. The critical speed of this rotor
model, corresponding to the resonance frequency of the system, can be written
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Ωm,cr =

(2)

k
m

if the effect of damping is ignored.
Rosenberg (1917, 1918) was the first researcher, who reported, first in German,
then in English, the effects of UMP on the rotordynamic behaviour of electric
machines. He proposed a formula to estimate the critical speed of electric machines
ncr = 1 − q ⋅

300

(3)

u

where ncr is the critical speed in revolutions per minute, u the deflection (given
in cm) of the horizontally placed shaft under the static influence of the rotor
weight, and q the “ratio between the combined deflection of all the machine
parts, caused by unbalanced pull, to the displacement, causing the unbalanced
pull”. The last part of the equation, 300 u , is a well-known practical formula
to determine the critical speed. For the focal parameter q, Rosenberg gives simplified formulas depending on the type of machine and the maximum allowable
value.

2.2 Electromagnetic stiffness and damping
Freise (1961), and Freise & Jordan (1962) presented the analytical equations for
the UMP induced by the eccentric rotor. Further, they introduced the coefficients
for the force reduction induced by the equalising currents of the rotor cage.
Finally, they presented a simple formula to determine the first critical speed
starting from the negative spring coefficient induced by the electromagnetic
field. They wrote the equation of critical speed in the form

Ωm,cr =

k − ke
m
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(4)

where ke is the negative spring coefficient. Freise & Jordan (1962) derived the
approximate formula for this coefficient
ke =

⎛ wp−1 + wp+1 ⎞
πds le
2
⋅ uvo ⋅ ⎜
⎟ ⋅ Bp
4µ 0δ
2
⎝
⎠

(5)

where ds is the inner diameter of the stator core, le the equivalent core length,
µ 0 the permeability of air, δ the air-gap length, B p the amplitude of the magnetic field density for the fundamental component, wp±1 the reduction factors
due to the harmonic currents of the rotor cage, u and v the coefficients related to
the eccentricity, and o the reduction factor related to the operation condition.
Haase (1973) and Haase et al. (1973) introduced the damping coefficient
induced by the electromagnetic fields. They observed during the updating of an
induction machine that the stator slotting harmonics were related to harmful
rotor vibrations. This led to the study of higher harmonics and further research
into the introduction of the electromagnetically induced damping coefficient.
They presented the electromagnetic force components in the form

(

F e,υ = − d e,υ p& c,υ + ke,υ pc,υ

)

(6)

where υ is the ordinal number of the component. The additional stiffness and
damping coefficients were defined as
πRlB p2 p ξυ′ ⎛ p ξυ′ Λ′N ⎞
+
⎜
⎟ ⎡αυ (αυ +1 + αυ −1 ) + βυ ( βυ +1 + βυ −1 ) ⎤⎦
4 µ 0δ e υ ξ p′ ⎜⎝ υ ξ p′
2 ⎟⎠ ⎣
πRlB p2ω e,υ p ξυ′ ⎛ p ξυ′ Λ′N ⎞
=
+
⎜
⎟ ⎡αυ ( βυ +1 − βυ −1 ) − βυ (αυ +1 − αυ −1 ) ⎤⎦
4µ 0δ e υ ξ ′p ⎜⎝ υ ξ ′p
2 ⎟⎠ ⎣

ke,υ = −
d e,υ

(7)

where R is the inner radius of the stator core, δ e the equivalent air-gap length,
ξυ′ the stator winding factor associated with the component υ , Λ′N the amplitude of relative permeability variation associated with the stator slotting, αυ and
βυ the real and negative imaginary parts of the damping factors due to the
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equalising currents, and ω e,υ =

(k − k υ )
e,

m the undamped flexural eigenfre-

quency of the rotor associated with the component υ .
Brosch et al. (1974) reviewed the electromagnetic reasons behind the vibrations
of electric machines. They divided these into five categories: the effect of UMP
on the flexural frequencies, the generation of electromagnetic total force exerted
on the rotor, the effects of negative electromagnetic damping, the effects of
homopolar flux, and the instability following from the periodic alteration of the
effective shaft stiffness.

2.3 Rotordynamic instability
Krondl (1956) was the first researcher who observed the self-excited vibrations
in induction motors. He applied analytical methods and concluded that the reason for the observed vibrations was the parallel branches of the stator windings.
Kellenberger (1966) investigated the forced motion of a rotating, two-pole turboalternator due to the mass unbalance and the UMP. He found out that the tangential component of the magnetic pull, which was usually neglected, could be
the cause of large or even unrestricted growth in the deflection, despite the presence of mechanical damping. He proposed a system of linear differential equations with harmonic coefficients as a possible solution to this problem of mechanical instability.
Geysen et al. (1979) investigated the self-excited vibrations, both torsional and
flexural, in alternating-current machines. They introduced the internal mechanical damping into the investigations. Internal damping is known to induce rotordynamic instability during supercritical operation. They presented two different
stability charts having the speed ratio on one axis and a function of damping
coefficients on the other axis. They concluded that the internal damping coefficient was the most important factor; the value of this coefficient can lead to different results depending on whether the operation is sub- or supercritical.
Früchtenicht et al. (1980) studied the electromagnetic effects on the rotor
vibrations of alternating current motors. They derived a model, which couples
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together the torsional and transversal vibrations via the reluctance torque and the
mass unbalance. In addition, they investigated theoretically the electromagnetic
instability, and presented the contour charts for the stiffness coefficient, the
damping coefficient, and the natural flexural frequency as functions of
fundamental field amplitude and rotational speed.
Früchtenicht et al. (1982a) derived an analytic model for the UMP when the
rotor is in a circular whirling motion with an arbitrary whirling frequency. They
applied the assumption that the currents and fluxes vary sinusoidally in time.
Using this model they determined the additional stiffness and damping coefficients induced by the electromagnetic fields. The analytical formula for the stiffness coefficient is
ke = −

2
πlB p2 ⎡ 2 R
s 2p+1
ξ p2+1 ⋅ ξSchr.
⎞
p +1 ⎛ R
⋅⎢
− 2
⋅
⋅ ⎜ − p − 1⎟ +
2
4µ 0 ⎣ δ e s p+1 + β p+1 1 + σ gR p+1 ⎝ δ e
⎠

−

s 2p−1
s 2p−1 + β p2−1

⋅

(8)

2
ξ p2−1 ⋅ ξSchr.
⎞⎤
p −1 ⎛ R
⋅ ⎜ + p − 1⎟ ⎥
1 + σ gR p−1 ⎝ δ e
⎠ ⎦⎥

and for the damping coefficient
2
⎡ s p+1 ⋅ β p+1 ξ p2+1 ⋅ ξSchr.
⎞
p +1 ⎛ R
de =
⋅⎢ 2
⋅
⋅ ⎜ − p − 1⎟ +
2
4µ 0 Ω m ⎢⎣ s p+1 + β p+1 1 + σ gR p+1 ⎝ δ e
⎠

πlB p2

−

(9)

2
s p−1 ⋅ β p−1 ξ p2−1 ⋅ ξSchr.
⎞⎤
p −1 ⎛ R
⋅
⋅ ⎜ + p − 1⎟ ⎥
2
2
s p−1 + β p−1 1 + σ gR p−1 ⎝ δ e
⎠ ⎦⎥

where s p±1 are the slips of the rotor with respect to the eccentricity harmonic
fields, β p±1 the resistance-reactance ratios of the rotor mesh, ξ p±1 the winding
factors of the eccentricity harmonics, ξSchr. p±1 the skew factors of the eccentricity
harmonics, and σ gR p±1 the geometrical leakage coefficients of the eccentricity
harmonics. Using these coefficients, together with the Jeffcott rotor model including the contributions of the external and internal damping, Früchtenicht et
al. (1982b) developed an electromechanical model to study the effects of electromechanical interaction on the rotordynamic stability. They presented two
stability charts resembling closely those presented by Geysen et al. (1979). In
addition, they constructed a test rig using the electrical parts of a four-pole 11
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kW standard motor equipped with an especially designed flexible shaft. Finally, they
compared the numerical and experimental results and observed a good correlation.
The approach of Skubov & Shumakovich (1999) enabled an arbitrary motion of
the rotor. They applied the averaging method together with the Lagrange formulation for the analytical derivation of the equations. The variables of this system were the two harmonic components of the rotor flux linkages, and the rotor
position and rotation angle. They discovered that the tangential component of
the electromagnetic total force might be the reason for the instability.
Yang et al. (1999) and Yang et al. (2004) presented a general analytical method
to evaluate rotordynamic stability of induction motors. In this approach, the
electromagnetic force is proportional to the eccentricity. In addition, the
electromagnetic force includes a time-dependent component at two times the
electric line frequency. The approach is based on the time-transfer-matrix
method and the Floquet theory.

2.4 Two-pole motors and homopolar flux
Kovács (1977) investigated the vibrations of two-pole induction motors induced
by homopolar flux. He included in his model the radial component of the force
and defined the electromagnetic spring constant.
Belmans (1984), Belmans et al. (1984a and 1984b) and Belmans et al. (1987)
investigated analytically and experimentally the radial vibrations and stability of
two-pole induction motors. They concluded that the homopolar flux generated
by the eccentric rotor position clearly influences the UMP in two-pole induction
motors, not only by altering the value of the constant component of the pull, but
also by generating a pull component with a frequency twice that of the slip. In
addition, they concluded that a potential reason for the rotordynamic instability
results from the electromagnetic damping coefficient, which may be negative.
Based partly on the above-mentioned investigations, Belmans (1994) presented a
review discussing the mechanical and magnetical aspects of the radial vibrations
of electrical machines.
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2.5 Refinement of analytical methods
Chaban et al. (1990) derived electromechanical equations to analyse torsional
and transversal rotor vibrations of induction motors. The differential equations
of the electromagnetic system were highly idealised. In addition to the
mechanical variables, the equations included the variables for the flux linkages
of the rotor and stator related to the fundamental component. Using this model
they calculated the coupled behaviour of an unloaded induction motor in start-up
condition.
Dorrell (1993, 1996), Dorrell & Smith (1994), Smith & Dorrell (1996) developed an analytical method to determine the UMP induced by an eccentric rotor.
The model uses the conformal transformation technique combined with the
winding impedance approach. They applied the method to investigate the effect
of rotor skew and series or parallel winding connections. Dorrell & Smith (1996)
validated the model with extensive measurements.
Toliyat et al. (1996) proposed a new method that enables the simulation of airgap eccentricity in induction machines. The approach is based on the coupled
magnetic circuit approach. Joksimovic et al. (2000) presented a method for the
dynamic simulation of dynamic eccentricity in the cage induction motor. The
method is based on a winding function approach, which allows for all the
harmonics of magnetomotive force to be taken into account.
Guo et al. (2002) investigated the UMP and its effects on vibration in a threephase generator with an eccentric rotor. They derived the analytical equations
for the UMP starting from the expression of air-gap permeance. The equations
are suitable for the machines of any number of pole-pairs and they include the
effect of large relative eccentricity.

2.6 Computational methods
Benaragama et al. (1982) was the first to apply FEM to investigate the UMP. His
research subject was a synchronous turbo-generator. Over a decade later, Salon
et al. (1992), DeBortoli et al. (1993), Arkkio & Lindgren (1994), Arkkio (1996)

28

extended the application area to induction motors, equalising currents and parallel circuits of the stator windings.
Stoll (1997) developed a simple computational model to predict the UMP caused
by static eccentricity. The effects of rotor saturation and eddy currents are taken
into account using a set of rotor surface impedances.
Arkkio et al. (2000) studied the UMP exerted on the rotor of a 15 kW cage
induction motor. They determined numerically the UMP in circular whirling
motion as a function of whirling frequency. They validated the numerical results
with the experimental measurements using a rigid rotor and two magnetic bearings to generate the controlled whirling motion. They found out that the relation
between the UMP and the whirling motion could be presented with a low-order
model

F e ( jω w ) = G ( jω w ) ⋅ pc ( jω w )

(10)

where F e is the total electromagnetic force exerted on the rotor, the bar under a
symbol denotes the complex quantity, ω w is the whirling frequency, pc the
centre-point position of the rotor, and G the frequency response function (FRF),
which can be parameterised as

G ( jω w ) = k 0 +

k p−1
jω w − z p−1

+

k p+1

(11)

jω w − z p+1

where k 0 , z p±1 , and k p±1 are the parameters of the system. Actually, the form of
this FRF is the same as presented by Früchtenicht et al. (1982a). Arkkio et al.
(2000) continued by transforming Equation (11) into the form of differential
equations
q& p−1 = z p−1q p−1 + k p−1 pc ( t )
q& p+1 = z p+1q p+1 + k p+1 pc ( t )
F e ( t ) = k 0 pc ( t ) + q p−1 + q p+1
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(12)

where t is the time, and q p−1 and q p+1 are the new variables related to the harmonic components p ± 1 of the rotor-cage currents.
Ha et al. (1999) presented an approach to analyse the rotor vibrations and
stresses of interior-permanent-magnet type synchronous motors. The studied
synchronous motor was equipped with interior permanent magnets, and the approach was based on the transfer matrix method. Further, Ha et al. (2000) and
Ha & Hong (2001) proposed an approach to calculate the orbital response of the
rotor for switched reluctance motors. In this approach, the rotor shaft is modelled by the finite element method with beam elements. The electromagnetic
force due to the rotor eccentricity is determined using an analytical formula
based on the Maxwell stress tensor (Ha et al. 2000), or by the finite element
method
Kim et al. (2000) presented a method to analyse transient responses of a
permanent magnet motor including the effects of electromechanical interaction.
In this case, the rotor does not include a cage or corresponding structural
arrangement. The rotor-motor system of a compressor is modelled using the
finite-element-transfer-matrix method and the electromagnetic field in the air
gap with analytical equations. The results show that the electromechanical coupling increases the system vibration by reducing the system stiffness in the radial
direction. Later, Kim et al. (2001a, 2001b) applied this approach to the comparison of vibration characteristics of interior and surface mounted permanent magnet motors.

2.7 Experimental studies on cage-rotor vibrations
Iwata & Sato (1997) and Iwata et al. (2001) studied experimentally rotor vibrations of an experimental induction motor. They constructed an open set-up with
a vertical rotor suspended from the upper end. They measured the response of
various harmonic components of electromagnetic forces and studied the effects
of supply frequency and rotor eccentricity.
Amati & Brusa (2001) carried out condition monitoring experiments using a
spindle prototype on active magnetic bearings fed by an induction motor. They
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discovered that the UMP of an induction motor may affect strongly the dynamic
behaviour of the system.

2.8 Bearingless induction motors
A bearingless motor is an integrated device that possesses magnetic bearing
capability in addition to having the torque-producing function. Various types of
bearingless motors have been proposed. The main types of bearingless motors
are the switched reluctance, asynchronous and permanent magnet motors
(Amrhein et al. 2003). Here, our focus is on bearingless induction motors. The
principle of magnetic force production in bearingless motors is the creation of an
unbalanced flux distribution in the air gap by supplying additional levitation
currents to the stator windings. This magnetic suspension force is usually modelled with analytical equations and used in the magnetic suspension loop. Chiba,
Power & Rahman (1991a, 1991b) were probably the first to present the principle
and working concept for a bearingless induction motor. The magnetic force exerted on the rotor is a function of additional levitation currents and rotor eccentricity. This suspension force has been investigated by, for example, Chiba et al.
(1994), Kiryu et al. (2001) and He & Nian (2003). They applied analytical and
experimental methods. Cai & Henneberger (2001) and Baoguo & Fengxiang
(2001) used FEM to calculate the radial force due to the eccentricity.

2.9 Practical applications
Wright et al. (1982) presented a practical method of taking into account the
influence of pole number on unbalance magnetic pull. In addition, they proposed
an explanation for the anomalous behaviour of the two-pole machines, and
demonstrated the relatively minor influence of the UMP on the critical speed.
Merrill (1994) reviews the dynamics of alternating current motors. In his own
words, the paper is a qualitative review as interpreted by an electrical motor
design engineer. It is possible to interpret the procedures described in the paper
as customary practice in the electric-machine industry. For the negative spring
constant he gives a formula corresponding to
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ke =

πdsl B p2

(13)

4 µ 0δ

Regarding the design criteria, Merrill (1994) mentions that good practice suggests the ratio k ke ≥ 3.0 for pedestal type machines, and k ke ≥ 2.5 for bracket
type machines. In a rather similar review paper, Owen (1991) mentions that the
role of UMP is sometimes exaggerated in rotor-dynamics analysis. He continues
that it is true that the effect of the magnetic force is equivalent to a negative
spring constant for the shaft, but that it is usually only a second-order effect.
Baumgardner (1994), Finley et al. (2000) and Mansoor (2002) present practical
guidelines for the vibration control of induction motors at low frequency range.
The papers show clearly that a thorough knowledge of electromagnetic forces
and rotordynamics is required to successfully control the vibrations of large
induction motors.
The design, manufacturing and testing of large-power, high-speed motors and
generators must be carried out much more carefully than usual. This is true particularly with respect to rotordynamics and vibration control. These machines
operate usually in a super-critical frequency range. Bressani et al. (1993)
presented their experience in the design, manufacturing and testing of highspeed induction motors for variable-speed drives without analytical details. The
rated power of the studied motors was up to 6.6 MW. Hamer et al. (1995)
describe experiences with, and design refinements for, large two-pole induction
motors rated up to 4.5 MW. These motors were designed to operate below the
first critical speed. The design, fabrication and testing of a still larger motor
(10.6 MW) for adjustable speed drive was presented by McSharry et al. (1998).
Bettig & Han (1999) presented a detailed rotordynamic model for a 34 MW
vertical axis hydraulic turbine-generator. The electromagnetic force was modelled using Equation (13) multiplied by Carter’s coefficient (Heller & Hamata
1977). McClurg et al. (2003) describe a replacement of an existing motor by a
7.5 MW, four-pole induction motor. In this application, the specified
requirements for vibration, noise and electrical performance were high.
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3. New methods of analysis
3.1 Impulse method to parameter estimation
The immediate starting point for this study was the simple linear model for the
UMP presented by Arkkio et al. (2000), and shown in Equation (12). The parameters of this model can be estimated from the FRF shown in Equation (11).
To determine the value of the FRF at one whirling frequency, Arkkio et al.
(2000) carried out one numerical simulation forcing the centre point of the rotor
to move along a circular path at constant speed. This meant that several computer runs had to be calculated to determine the FRF. Thus, a lot of numerical
resources were required to estimate the model parameters using this method,
which will be called here the forced whirling method.
An effective approach was proposed by Tenhunen et al. (2003c) and in
Publication P3 to generate the FRF directly from the impulse response. In this
method, the rotor is displaced from its concentric position for a short period of
time. In the analysis, the discrete Fourier transformation is applied for the time
histories of the electromagnetic force and the displacement signals. Finally, the
FRF is obtained by dividing the transformed electromagnetic force by the
transformed displacement.
The developed methods were applied to four induction motors. Table 3 shows
the main parameters of these motors. Figure 2 shows a typical simulated force
response of the 15 kW motor excited by a rotating excitation pulse between
0.08–0.12 s. The decaying part of the response is connected to the cage-current
components. As can be seen in Figure 2, the electromagnetic force deviates
clearly from zero after the pulse, though the displacement and velocity of the
rotor are identically zero. This leads to the conclusion that the previous models
expressing the electromagnetic force with additional stiffness and damping coefficients, i.e., in the form
F e = d e p& c + ke pc

cannot describe the general behaviour of the eccentricity force.
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(14)

Table 3. Main parameters of the example motors. The mechanical characteristics of the 18 kW motor are modified from the standard values for experimental
research purposes.
Parameter

Number of poles
Rated voltage
Rated current
Rated frequency
Rotor effective mass
Rotor effective stiffness
Natural flexural freq.

Motor
15 kW
4
380
28
50
30
150
356

Unit

18 kW
6
400
30
50
68
2.8
30

2.6 MW
2
4000
417
60
1100
48
33

4.2 MW
4
13 200
217
60
2500
150
39

V
A
Hz
Kg
MN/m
Hz

400

Force [N]

200
0
−200
−400
real
imag

−600
0.1

0.2

0.3
Time [s]

0.4

0.5

Figure 2. Transient force response of the 15 kW motor at rated load and voltage
due to an eccentric rotor motion between 0.08–0.12 s. The electromagnetic force
is divided into the real and imaginary components.

Figure 3 presents the FRF of this same motor determined by the impulse response method together with the discrete values determined by the forced
whirling method. The radial component is defined in the direction of the shortest
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air gap and the tangential component perpendicular to the radial one. As can be
seen, both methods yield almost equivalent results.
6

Force / Radius [N/m]

x 10

Impul. rad
Impul. tang
Whirl. radial
Whirl. tang

10

5

0

−5
0

10

20
30
40
Whirling frequency [Hz]

50

Figure 3. The radial and tangential components of the FRF in the stator reference frame calculated by the impulse method. For comparison, the discrete
values obtained by the forced whirling method with radius 50 µ m are also
given (Arkkio et al. 2000).

The application of the impulse method, although based on the well-known spectral analysis techniques, is not a self-evident approach for the estimation of the
force parameters. The difficulties result mainly from the non-linearity of the
system, the rotating reference frames, and the complex formulation. It can be
shown (Publication P3) that the impulse method and the previously-used forced
whirling method are equivalent when certain preconditions are fulfilled. Moreover, some additional techniques, such as the zero padding and exponential windowing, can be effectively used to shorten the required simulation time (Publication P3).
During the past few years, the impulse method has been widely applied to different studies related to the eccentricity forces. Tenhunen, Holopainen, and Arkkio applied the method to study the spatial linearity of the UMP (2003d), and to
investigate the effects of saturation (2004) and the equalising currents (2003e)
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on the UMP. Moreover, Tenhunen et al. (2003a, 2003b) extended the impulse
method to study the electromagnetic forces exerted on the cage rotor in conical
whirling motion. Especially important was the study of spatial linearity (Tenhunen et al. 2003d). This special property of a strongly non-linear system allows
the simple approach to model electromechanical interaction applied in this study.
As regards to this dissertation, the presented impulse method was used as the
starting point to develop a parameter estimation method for the new electromagnetic force model discussed in Sections 3.3 and 3.4.

3.2 Electromagnetic force model
Früchtenicht et al. (1982a) derived the analytical equations for the UMP when
the rotor is in circular whirling motion with arbitrary whirling frequency. They
applied the assumption that the currents and fluxes vary sinusoidally in time. For
arbitrary rotor motion this assumption is not valid. Arkkio et al. (2000) identified
a parametric FRF for the total electromagnetic force presented in Equation (11).
To achieve this goal, they applied numerical and experimental methods together
with circular whirling motion. The form of this parametric FRF corresponds to
the analytical equations of Früchtenicht et al. (1982a). Further, Arkkio et al.
(2000) transformed the parametric FRF into the form of differential equations
including two new variables, q p−1 and q p+1 , presented in Equation (12). These
new variables were not clearly related to the analytical equations derived previously or to the machine characteristics, and thus, the physical background of the
parametric force model was still partly hidden.
Publication P4 presents a new model for the eccentricity force exerted on the
cage rotor due to the arbitrary rotor motion. This parametric model is simple and
can be applied in transient operation conditions. The system of equations combines the space-vector model of the machine (Kovács 1984, Müller 1985) to the
new parametric force model. The space-vector model of an induction motor can
be presented by two voltage, and two flux, equations
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R s, p iˆ s,r p +
R r, p iˆ rre, p +

dψˆ s,r p
dt
dψˆ rr, p
dt

(15)

+ j pΩmψˆ rs, p = uˆ s,r p
=0

ψˆ s,r p = Lsσ, p iˆ s,r p + Lm, p ( iˆ s,r p + iˆ rre, p )
ψˆ rr, p = Lrσ, p iˆ rre, p + Lm, p ( iˆ s,r p + iˆ rre, p )
where the subscripts s, r, and re refer to the stator, rotor, and equivalent rotor
values, respectively, the subscript after a comma refers to the ordinal number of
harmonic component, superscript r to the rotor reference frame, a bar under a
symbol denotes a complex quantity, û , ψˆ , and iˆ are the space vectors of the
supply voltage, flux linkage, and current, respectively, R is the resistance, L m
the magnetising inductance of the three-phase winding, L sσ and L rσ the leakage
inductance’s of the stator and rotor, respectively, and Ω m the mechanical angular frequency of the rotor. The input values of Equations (15) are the space-vector of stator voltage and the angular velocity of the rotor. The required equations
for the eccentricity harmonics due to the rotor motion are

L r, p−1
L r, p+1

d iˆ rr, p−1
dt
d iˆ rr, p+1
dt

(

)

+ R r, p−1 iˆ rr, p−1 +

Lk p−1 d ˆ r r *
B δ, p pc = 0
⋅
2µ0 d t

+ R r, p+1 iˆ rr, p+1 +

Lk p+1 d ˆ r r
⋅
B δ, p pc = 0
2µ0 d t

(

(16)

)

where L r, p±1 and R r, p±1 are the rotor-cage inductances and resistances of harmonic components p ± 1 , respectively, k p±1 are the coupling factors due to the
leakage flux and saturation, L is the self-inductance of one rotor-cage mesh, pc
the centre-point position of the rotor, the asterix (*) denotes the complex conjugate, and Bˆ δ,r p is the space-vector of the magnetic flux density in the air gap.
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The only coupling between Equations (15) and (16) is the relation between the
fundamental component of the magnetic flux density and the rotor and stator
currents

µ 3 N se ˆ r
Bˆ δ,r p = 0
⋅ i s, p + iˆ rre, p
δ e 2 2p

(

)

(17)

where δ e is the equivalent air-gap length, and N se the equivalent number of
turns in series of the stator winding. Further, the transversal force and, for the
sake of completeness, the equation for instantaneous electromagnetic torque
(Kovács 1984) can be written

(

2
*
*
πd r le
⋅ Bˆ rδ, p ⋅ pcr + µ 0 k p−1 Bˆ δ,r p iˆ rr, p−1 + µ 0 k p+1 Bˆ δ,r p iˆ rr, p+1
4 µ 0δ e

Fer =
Te =

{

*
3
p Im ψˆ s,r p iˆ s,r p
2

)

(18)

}

where d r is the outer diameter of the rotor, le the equivalent core length, and
⋅ denotes the length of a space vector.
Equations (15)–(18) describe the electromagnetic force and torque in general
form. An important, and often occurring, particular case is the one where the
amplitude of the magnetic flux density is constant or changing so slowly that the
term related to the change can be disregarded. In this special case, the equations
for the eccentricity force can be written in the stator reference frame as

d q sp−1

{

−1

{

−1

}

+ τ p−1 − j ⎡⎣ωs ( t ) − ( p − 1) ⋅ Ωm ( t ) ⎤⎦ ⋅ q sp−1 − aq, p−1 pcs = 0
dt

d q sp+1
dt

(19)

}

+ τ p+1 + j ⎡⎣ωs ( t ) − ( p + 1) ⋅ Ωm ( t ) ⎤⎦ ⋅ q sp+1 − aq, p+1 pcs = 0

Fes ( t ) = kq0 pcr + q sp−1 + q sp+1
where q p±1 are the new transformed variables, ωs is the supply frequency, τ p ±1
are the time constants of the harmonic components p ± 1 , and kq0 and aq, p±1 the
other parameters of the system. Equation (19), which is derived for the transient
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operation with constant flux, can be reduced in steady-state operation into the
form presented by Arkkio et al. (2000) and presented in Equation (12). In circular whirling motion, Equation (19) can be simplified further into the form that
closely resembles the analytical equations of UMP presented by Früchtenicht et
al. (1982a).
The force model presented above assumes that the eccentricity force is induced
exclusively by the fundamental and eccentricity field components, i.e., by the
components p , p − 1 , and p + 1 . Recently, during the preparations for Publication P6, it was observed in the numerical simulations that the higher-order spatial components may contribute remarkably to the eccentricity force in certain
types of induction motors. For example, the stator slotting harmonics together
with the eccentricity harmonics may induce a significant force component, particularly, if the slots are open. The order of these field components is Qs , Qs − 1 ,
and Qs + 1 , where Qs is the number of stator slots. Together, these components
induce an eccentricity force. The rotor cage did not reduce these field components effectively because the wavelength was close to the slot pitch of the rotor,
and thus the induced force was directed through the shortest air gap. In this context, it is remarkable that these additional forces do not change the form of the
FRF (Figure 3). Thus, the same electromagnetic force model can be used in applications, though the physical explanation is not any more valid.

3.3 Estimation of model parameters
From the beginning, the electromagnetic force model presented in Publication
P4 was intended to be applied together with the numerically estimated parameters. The parametric force model in the constant flux and steady-state operation
may be written as
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⎛ d pcr *
⎞
*
j sω t +ϑ
r
ˆ
+τ
+ j sωs pcr ⎟ ⋅ e ( s b 0 ) = 0
i r, p−1 + a p−1 ⋅ ⎜
⎜ dt
⎟
dt
⎝
⎠
r
r
ˆ
⎛ d pc
⎞ j sω t +ϑ
d i r, p+1
−1
+ τ p+1 iˆ rr, p+1 + a p+1 ⋅ ⎜
+ j sωs pcr ⎟ ⋅ e ( s b 0 ) = 0
⎜ dt
⎟
dt
⎝
⎠
*
j sω t +ϑ
− j sω t +ϑ
Fer ( t ) = k0 pcr + c p−1 iˆ rr, p−1 e ( s b 0 ) + c p+1 iˆ rr, p+1e ( s b 0 )
d iˆ rr, p−1

−1
p −1

(20)

where s is the slip, ϑb0 the phase angle of the magnetic-flux-density space-vector at t = 0 , Fer the total electromagnetic force exerted on the rotor, and, finally,
a p±1 , τ p±1 , c p±1 and k0 are the system parameters.
Publication P5 presents an efficient method of estimating the model parameters.
The applied method is based on the impulse response method presented by Tenhunen et al. (2003c) and in Publication P3. In this case, the estimation of the
parameters is more complicated because the parameters are associated with the
rotating cage-current components. The time-dependent spatial distribution of the
currents can be described by the space-vectors. Unfortunately, this yields the
j sω t +ϑ
differential equations (20) including a time-dependent multiplier e ( s b 0 ) .
However, it is possible to get rid of this multiplier by transforming the spacevector variables. Finally, the equations for the modified FRFs can be derived,
and, by using these, the required parameters can be estimated.

In Publication P5, the 15 kW motor was used as a numerical example. When the
saturation was neglected, the parametric model described almost exactly the
behaviour of the numerical simulation model. As expected, the saturation of
magnetic materials changes the behaviour of the system. Figure 4 shows the FRF
of the cage-current component p − 1 with saturation included. It appears that the
saturation couples the harmonic current components together.
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Figure 4. FRF of the 15 kW motor between the cage current component p − 1
and rotor motion with saturation included.

The covered frequency range depends on the length and type of the excitation
pulse (Ewins 2000). In previous studies, the rotor was moved in one radial direction in the stator reference frame. In Publication P6, a rotating excitation
pulse was applied in order to control better the excitation frequency range, and
thus excite more effectively the required system modes. In addition, Publication
P6 presents the application of the averaging method (Ewins 2000) in order to
eliminate the effect of a disturbing unsynchronous force component.

3.4 Electromechanical rotor model
A first version of the electromechanical rotor model was presented in Publication P1. This model was the starting point for the developments in all the other
publications. The final model, which will be discussed in this overview, was
presented in Publication P6. The electromechanical rotor model was obtained by
combining the electromagnetic force model based on Equation (19) with the
simple Jeffcott rotor model of Equation (1) written in the rotor reference frame
(Childs 1993)
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m⋅

d 2 pcr
dt

2

+ ( d + j2mΩm ) ⋅

d pcr
dt

(

)

+ k + jd Ωm − mΩm ⋅ pcr = Ωm ma
2

2

(21)

The electromechanical rotor model in the steady-state operation conditions can
be written
m⋅

d 2 pcr
dt 2

+ ( d + j2mΩm ) ⋅
− c p−1q

r
p −1

d pcr
dt

(

)

+ k − ke + jd Ωm − mΩm ⋅ pcr +
2

(22)

− c p+1q rp+1 = Ωm ma
2

⎛ d pcr
⎞
+ τ
− jsωs ⋅ q + a p−1 ⋅ ⎜
− jsωs pcr ⎟ = 0
⎜ dt
⎟
dt
⎝
⎠
r
r
⎛ d pc
⎞
d q p+1
−1
+ τ p+1 + jsωs ⋅ q rp+1 + a p+1 ⋅ ⎜
+ jsωs pcr ⎟ = 0
⎜ dt
⎟
dt
⎝
⎠
d q rp−1

(

)

−1
p −1

(

r
p −1

)

where the first row is the modified mechanical equation of motion, and the two
last rows represent the governing differential equations for the essential cagecurrent components. To generalise the results and observations, the electromechanical rotor model of Equation (20) was transformed into a dimensionless
form
d 2 p% cr
d p% cr
2
2
+ 2 (ζ + jRω )
+ 1 − α + j2ζ Rω − Rω p% cr − q% rp−1 − q% rp+1 = Rω a%
2
%
%
dt
dt

(

)

(23)

⎛ d p% cr
⎞
d q% rp−1
−1
r
+ τ% p−1 − jγ Rω ⋅ q% p−1 + α c% p−1 ⋅ ⎜
− jγ Rω p% cr ⎟ = 0
⎜ dt%
⎟
d t%
⎝
⎠
r
r
⎛ d p% c
⎞
d q% p+1
−1
+ τ% p+1 + jγ Rω ⋅ q% rp+1 + α c% p+1 ⋅ ⎜
+ jγ Rω p% cr ⎟ = 0
⎜ dt%
⎟
d t%
⎝
⎠

(

)

(

)

where Rω = Ωm ω n is the speed ratio, ω n = k m the natural flexural frequency
of the rotor without electromagnetic interaction, α = ke k the ratio between the
apparent electromagnetic stiffness and the shaft stiffness, ζ the factor for external viscous damping, γ = ps (1 − s ) the shorthand notation associated with the
slip and the number of pole-pairs, and the tilde above a symbol denotes the di-
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mensionless parameter (Publication P6). Thus, the electromechanical rotor
model and characteristic dynamical behaviour of an arbitrary machine can be
described by a set of eight real valued dimensionless parameters.
The purely mechanical Jeffcott rotor model includes the forward and backward
whirling modes. The electromechanical force model increases the total number
of modes by two. In principle, all the modes of the electromechanical rotor
model are coupled electromechanical modes. However, the interaction between
the mechanical and electrical system is strong only when the rotor rotational
speed is close to the first flexural critical speed. In that case, the originally electromagnetic modes may couple with the forward whirling mode.
Figures 5–8 present some numerical results calculated for two large induction
motors: a two-pole 2.6 MW, and a four-pole 4.2 MW motor. Figures 5 and 6
show the dimensionless eigenfrequencies and decay-constants as functions of the
speed ratio. The dimensionless eigenfrequencies and decay constants are obtained
by dividing the dimensional counterparts by ω n . The mechanical damping is
assumed to be zero in order to better distinguish the electromagnetic effects.
As can be seen in Figure 6, the electromechanical interaction may destabilise
one of the modes, and thus the whole rotordynamic system. The stability is
achieved by including the non-rotating damping into the model. The minimum
damping value needed to eliminate the destabilising force on the entire speed
range is ζ = 0.022 for the 4.2 MW motor. To reveal the effect of different parameters on the stability, it is possible to plot so-called stability charts. Figure 7
shows, as an example, a stability chart based on the fixed parameters of the 2.6
MW motor. Most of the previously presented stability charts include the internal
damping of the rotor as an essential parameter (Geysen et al. 1979, Früchtenicht
et al. 1980, 1982b). It is well known that the internal rotor damping may unstabilise the system over the supercritical operation range (e.g. Childs 1993). The
current model offers a natural explanation for rotordynamic instability without
any assumption of internal rotor damping.
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Figure 5. Dimensionless eigenfrequencies of the 4.2 MW four-pole motor as a
function of the speed ratio in the stator reference frame. The labels of the modes
are connected to the forward whirling (fw), backward whirling (bw), and the
cage-current components p ± 1 at the lower end of the rotation speed.
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Figure 6. Dimensionless decay constants of the 4.2 MW four-pole motor as a
function of the speed ratio.
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Figure 7. Stability chart for the speed ratio ( Rω ), force ratio ( α ), and external
viscous damping ( ζ ). The reference point is taken from the parameters of the
2.6 MW motor: c% p+1 = 0.623 , τ% p+1 = 162 .

Figure 8 shows an example of the amplification factor due to the mass unbalance. The parameters of the system correspond to those of the 2.6 MW motor.
According to Figure 7, the electromechanical interaction reduces effectively the
unbalance response close to the critical speed.
In conclusion, the electromechanical interaction decreases the natural frequencies of the rotor. This effect is known as the electromagnetically induced negative spring constant (e.g., Freise & Jordan 1962, Früchtenicht et al. 1982a–b). At
subcritical rotational speeds, the mechanical vibration energy of all modes is
dissipated via resistive losses of the rotor and stator currents. At supercritical
rotational speeds, the effects are qualitatively similar with the exception of one
mode that receives energy from the electrical system. If the mechanical energy
dissipation of this mode is too small, a form of self-excited vibrations may follow leading to the rotordynamic instability. Because this instability is induced by
the periodic variation of the system parameters, this phenomenon is one form of
the parametric instability. Excluding the potential rotordynamic instability, the
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numerical results indicate that the electromechanical interaction reduces effectively the unbalance response close to the first flexural critical speed.
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Figure 8. Amplification factor due to the mass unbalance. The amplification
factor using two different non-rotating damping factors are calculated together
with electromechanical interaction (emi) or without it. The other parameters are
taken from the 2.6 MW two-pole induction motor: α = 0.111 , c% p+1 = 0.623 ,
τ% p+1 = 162 .

3.5 Verification of the electromagnetic force and
electromechanical rotor model
The electromagnetic force model was verified against more complete finite element models in Publication P5. The simple parametric model yielded for the 15
kW motor results that were almost identical with the numerical model when the
saturation of magnetic materials was ignored. In this case, the estimated model
parameters were almost independent of the operation condition. This indicates
that the form of the simple equations is right. As expected, the saturation of
magnetic materials changed the behaviour of the system. Even so, the parametric
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model together with the estimated parameters predicts the system behaviour
fairly accurately for an arbitrary steady-state operation condition.
The electromagnetic force model of Equation (11), which has the same form as
the force model of Equation (19) in the whirling motion and steady-state conditions, was validated by Arkkio et al. (2000). In that study, the numerical and
experimental results for the 15 kW motor in no-load condition correlated excellently. Similarly, the expanded electromagnetic force model for the conical
whirling motion was validated experimentally by Tenhunen et al. (2003a,
2003b).
The electromechanical rotor model was verified similarly against more complete
electromechanical finite element models. The comparison results are presented
in Publications P2 and P3. One way to compare the models is to plot the response signals induced by the same excitation. Figure 9 shows an example in
which the rotor of the 18 kW motor was excited by a horizontal impulse force.
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Figure 9. The electromagnetic force of the 18 kW motor induced by the
horizontal mechanical impulse. The results obtained by the complete and
linearised electromechanical models. The amplitude of the horizontal component
is larger.
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Another, more comprehensive, way to study the similarity of the two system
models is to compare the FRFs. Figure 10 shows the amplitude of the FRF
between the rotational displacement response and the rotational excitation force.
In conclusion, the simple electromagnetic force model and the electromechanical
rotor model predict fairly well the essential behaviour of the system at low frequency range. In addition, it can be underlined that the computational resources,
required by the simple models, are only a small fraction of those required by the
complete non-linear finite-element models.
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Figure 10. The amplitude of the FRF between the whirling amplitude and
rotational excitation force.

Holopainen et al. (2004) made a series of experiments to validate the
electromechanical rotor model. They equipped a standard six-pole 18 kW cage
induction motor with a long flexible shaft. The frequency and damping ratio of
the first flexural mode was identified in unloaded steady-state operation. The
electromagnetic interaction was varied by changing the supply current and
frequency. The obtained results showed clearly the effects of electromechanical
interaction. At low supply frequencies, the electromagnetic fields appeared to
dampen the rotor vibrations effectively. The higher the supply voltage, the
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stronger the damping effect. At higher supply frequencies, the electromagnetic
fields appeared to transfer energy into the mechanical system. This led to the
limit-cycle vibrations and sub-critical instability when the supply voltage was
increased. In addition, the stability limit was determined as a function of supply
current and frequency.

49

4. Discussion
A new simple electromechanical rotor model was presented to assess the effects
of electromechanical interaction in rotordynamics of cage induction motors. The
model was obtained by combining the Jeffcott rotor model with the simple electromagnetic force model. The applied force model is an extension of the model
presented by Arkkio et al. (2000). The parameters and variables of this model
have a clear physical meaning and it can be used in transient operation conditions. An effective method was presented to estimate the parameters of this
electromagnetic force model from the numerical simulation of an impulse response. The presented method is computationally very efficient compared to the
forced whirling method (Arkkio et al. 2000) used previously. The parameters of
the force model are functions of the operation condition due to the saturation of
magnetic materials. However, the parameters are relatively constant in the socalled constant flux operation, which commonly covers a remarkable part of the
operation conditions.
The purely mechanical Jeffcott rotor model includes the forward and backward
whirling modes. The electromagnetic force model increases the total number of
modes by two. In principle, all the modes of the electromechanical rotor model
are coupled electromechanical modes. However, the interaction between the
mechanical and electrical system is strong only when the rotor rotational speed
is close to the first flexural critical speed. In that case, the originally electromagnetic modes may couple with the forward whirling mode.
The results obtained show that the electromechanical interaction may decrease
the natural frequencies of the rotor, induce additional damping or cause rotordynamic instability. These interaction effects are most significant in motors operating at, or close to, the first flexural critical speed. Excluding the potential rotordynamic instability, the numerical results indicate that the electromechanical
interaction reduces effectively the unbalance response close to the first flexural
critical speed.
The developed electromechanical rotor model differs from its predecessors,
because it includes two additional variables for the harmonic currents of the
rotor cage. The prevailing approach of other researchers has been to include the
electromechanical interaction in the form of additional electromagnetic stiffness
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and damping coefficients without additional variables. The simulation results of
Figure 2 show that the electromagnetic force exerted on the rotor in an arbitrary
rotor motion cannot be described by a model including only the displacementand velocity-dependent terms. In this study, two essential components ( p ± 1 ) of
the harmonic rotor currents are used as additional variables in the electromagnetic force and the electromechanical rotor model.
The form of the analytical equations for the electromagnetic force presented by
Früchtenicht et al. (1982a) is similar to the form of the simple force model by
Arkkio et al. (2000) when the rotor is whirling in a circular path at constant
speed. It was significant, that Arkkio et al. (2000) transformed the force model
of whirling motion into the form of arbitrary rotor motion. They applied a
mathematical transformation together with certain assumptions. This introduced
two additional variables without any clear physical meaning. In this study, this
missing physical explanation was researched, and the analytical equations
thereby related to the numerical simulation results.
The introduced additional variables of the electromagnetic force model can be
included straightforwardly into the electromechanical force model. Moreover,
that leads to a new type of coupled equations and offers a better-founded explanation for the effects of electromechanical interaction.
The electromagnetic field exerts a force on the rotor. The force component parallel to the rotor motion is called the tangential component. This component can
decrease or increase the mechanical energy of the rotor depending on the direction. The latter alternative can lead to rotordynamic instability. There are several
rotordynamic mechanisms, which induce damping or destabilising forces exerted
on the rotor. Many of them appear as skew-symmetric terms in the stiffness matrix. This means that the force is determined completely by the deflection of the
rotor. Typical reasons for the skew-symmetry are the hydrodynamic bearings,
internal friction, rotor anisotropy, and seals. The effects of electromechanical
interaction are similar to the effects of these phenomena: additional damping or
rotordynamic instability. However, the presented model of electromechanical
interaction includes two additional variables, which are needed to model the
state of the electromagnetic system. This electromagnetic system is described by
two simple differential equations. Thus, the electromechanical interaction cannot
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be reduced into the form of a skew symmetric stiffness matrix without a high
degree of approximation.
In this study, the rotor core was assumed to be rigid and perfectly aligned with
the rigid stator bore. These assumptions enabled the use of the two-dimensional
electromagnetic models, but likewise, restricted the mechanical rotor model and
induced vibrations to be symmetric. Secondly, the homopolar flux may affect
remarkably the rotordynamic behaviour of flexible-shaft two-pole motors
(Belmans et al. 1987, Belmans 1994). However, in this study, the homopolar
flux was ignored in the estimation of electromechanical force parameters.
Thirdly, the presented results are limited to the cage induction motors without
parallel paths in the stator windings. It is assumed that the parallel paths affect
the interaction forces by enabling circulatory currents in the stator winding to
resemble the effects of rotor-cage currents. Fourthly, only the low-order components of the eccentricity harmonics p ± 1 were included in the parametric force
model. The high-order components may induce significant force components,
particularly at higher frequencies.
The presented rotordynamic model is suitable for practical applications in industry. The parameter values of a motor can be estimated from the design data,
or, if better accuracy is required, from the numerical simulation results, as was
the case in this study. After that, the effects of electromechanical interaction can
be easily assessed. It appears that the prevailing industrial practice is to apply the
negative spring constant estimated by Equation (13). According to the present
study, the interaction cannot be modelled by additional stiffness and damping
constants, especially if accuracy over the wide frequency range, including the
critical speed, is required. It appears that the formula of Equation (13) is a relatively good estimate, if the critical speed is approximated. However, it clearly
overestimates the negative spring constant outside of the critical speed range
where the equalising currents are acting. The risk of rotordynamic instability has
been known for a long time, and several cases have been reported in the literature (Krondl 1956, Kellenberger 1966, Haase 1973, Haase et al. 1973). However, the positive effect of electromechanical interaction inducing additional
damping close to the critical speed seems to be unnoticed in research literature
and industrial applications.
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This study contains only a minor sub-area of an exciting field of research. It
appears that there are needs and prospects for further research focused on the
effects of a) the parallel paths in the stator windings, b) the high-order components (e.g., those induced by stator slotting) on the electromagnetic force model,
c) the homopolar flux in flexible-shaft two-pole machines, and d) the ovalisation
modes of the stator on the electromechanical interaction.
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5. Conclusions
A new simple electromechanical rotor model was presented to assess the effects
of electromechanical interaction in the rotordynamics of cage induction motors.
The model was obtained by combining the Jeffcott rotor model with the developed electromagnetic force model. The parameters and variables of this model
have a clear physical meaning. An effective method was presented to estimate
the parameters of this model from the numerical simulation of an impulse response. The parameters are a function of the operation condition due to the saturation of magnetic materials. However, the parameters are relatively constant in
the so-called constant flux operation, which commonly covers a remarkable part
of the operation conditions.
The developed electromechanical rotor model differs from its predecessors in
that it includes two additional variables for the harmonic currents of the rotor
cage. The prevailing approach of other researches has been to include the electromechanical interaction in the form of additional electromagnetic stiffness and
damping coefficients without additional variables.
The obtained results show that the electromechanical interaction may decrease
the natural frequencies of the rotor, induce additional damping or cause rotordynamic instability. These interaction effects are most significant in a motor operating at, or close to, the first flexural critical speed. Excluding the potential rotordynamic instability, the numerical results indicate that the electromechanical
interaction effectively reduces the unbalance response close to the first flexural
critical speed.
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Electromagnetic circulatory forces and rotordynamic instability in electric machines
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The electromechanical interaction in electric machines induces additional forces between the rotor and
stator. To study this interaction, a simple electromechanical model was developed. The mechanical
behaviour was modelled by the Jeffcott rotor. The electromagnetic forces were described by a simple
parametric model including two electormagnetic variables. The aim of the study was to investigate the
effects of electromechanical interaction on rotordynamic instability in electric motors. If the new
electromagnetic variables are interpreted as ‘quasi-displacements’, the interaction turns up in the
equations of motion as additional damping, stiffness and circulatory terms. The electromagnetically
induced damping and stiffness effects in electric motors have been studied previously. However, the
effects of circulatory terms have been overrided in electric motors. It is well-known that the circulatory,
i.e. cross-coupled stiffness, terms are a major source of instability in rotating machines. Thus, the
presented model offers a new and simple explanation for the rotordynamic instabilty in electric motors.
The numerical examples raised another source of instability. The system parameters may yield a
negative-definite stiffness matrix (symmetric part), which destabilize the system without stabilizing
forces.
Keywords: Rotors, stability analysis, circulatory force, electromechanical interaction, electric machines.
1. Introduction
An electric motor converts electric energy to mechanical one. The magnetic field in the air gap of the machine generates the tangential forces required for the torque generation. In addition, the field produces other force components
that interact with the machine structures and may excite harmful vibrations. At relatively low frequencies, the vibration
amplitudes may be large enough to couple the electromagnetic system with the mechanical one. This electromechanical
interaction changes the vibration characteristics of the machine, e.g., it may induce additional damping or cause rotordynamic instability.
Früchtenicht, Jordan and Seinsch [1] developed an analytic model for the electromechanical forces between the
rotor and stator, when the rotor is in circular whirling motion. Using this model and assuming synchronous whirling
motion, they determined the stiffness and damping coefficients induced by the electromagnetic field. Belmans, Vandenput and Geysen [2] investigated analytically and experimentally the flexible-shaft induction motors. Their
calculation model resembled to that of Früchtenicht et al. [1], but they focused on the two-pole machines. They
concluded that one potential reason for the rotordynamic instability results from the electromagnetic damping
coefficient which may be negative. Skubov and Shumakovich [3] developed an analytic electromechancial model and
studied the rotordynamic instability. They found out that the tangential component of the electromagnetic total force
may be the reason for the unstability. Arkkio et al. [4] presented a simple parametric force model for the
electromagnetic forces acting between the rotor and stator when the rotor is in whirling motion. The model parameters
of an electric motor were determined by numerical simulations including the non-linear saturation of magnetic
materials. The numerical results were validated by extensive measurements.
Previous research on this issue has not been conclusive, in part because it has generally been based on the
assumption of synchronous whirling motion [1,2], and in part because the effects of saturation of magnetic materials
are not included in the analytical force models used previously [1,2,3]. In present study, we rejected the assumption of
synchronous whirling motion and used as the starting point the numerical simulations of electromagnetic fields. The
aim of this study was to investigate the effects of electromechanical interaction on rotordynamic instability in electric
motors.
In this study, we develop an analytical model to study the electromechanical interaction and stability. The Jeffcott
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rotor model is combined with the parametric force model. The coupled equations of motion are transfomed into a nondimensional form. Using this simple model, numerical results describing the effects of electromechanical interaction are
calculated. The vibration characteristics of the system are investigated by the eigenvalue analysis. The rotordynamic stability
is studied by using the modified Bilharz schema [5]. This yields four necessary and sufficient criteria for the stability of the
system. Some of the criteria can be studied in analytical form. The rest of the criteria can be studied numerically.
2. Nomenclature
q

a p±1 = electromagnetic force parameters
ci

d
f
j
k
ke
k0
k p ±1

= coefficients of characteristic polynomial
= mechanical damping coefficient
= excitation force
= imaginary unit
= shaft stiffness coefficient
= effective stiffness coefficient
= electromagnetic force parameter
= electromagnetic force parameters

q p±1

= mass of the rotor
= number of pole pairs of the motor
= electromagnetic field variables

rij

= term ij in recursive schema

s
s0
t
x, y
z
Di
Fem
K

= Laplace variable
= machine slip
= time
= co-ordinates
= complex variable
= Bilharz determinant i
= electromagnetic total force
= transfer function

m
p

ur
x
A
B
C
H
I
K
M
Q
δ ′′

δr
τ
ω
ωn
ω0
Ω
a%
aIm
aRe
a
a&
a,τ

= vector of variables in second order model
= eigenvector r
= vector of variables in first order model
= system matrix
= coefficient matrix for input
= damping matrix
= circulatory matrix
= identity matrix
= stiffness matrix
= mass matrix
= loading vector
= radial air-gap length
= decay constant of eigenvector r
= non-dimensional time
= angular frequency
= natural frequency of mechanical system
= supply frequency
= rotor angular frequency
= non-dimensional form of a
= imaginary part of a
= real part of a
= complex conjugate of a
= differentiation of a with respect to time
= differentiation of a with respect to τ

3. Method of analysis
3.1 Rotor model
To model the mechanical behaviour of the system, we apply the Jeffcott rotor which is a thin unbalanced disk
located at the middle of a uniform, massless, flexible shaft. The shaft is simply supported at its ends by rigid frictionless
bearings. We assume a damping force from the surrounding medium of viscous type. In Jeffcott model, the disc is
assumed to move only in its own plane, or more precisely in xy-plane. The origin of this plane is assumed to coincide
with the rotation axis and define the center position by a complex variable
z ( t ) = x ( t ) + jy ( t )

(1)

The equation of motion of this rotor using the complex co-ordinates approach can be written [6]
mz&& + dz& + kz = f ( t )

(2)

where m is the mass of the disc, d is the coefficient for the non-rotating damping, k is the shaft stiffness coefficient,
and f is the excitation force, e.g., due to the mass unbalance.
3.2 Force model
Arkkio et al. [4] presented a low order linear model for the electromagnetic forces between the rotor and stator. The
proposed transfer function model can be written in complex form as
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Fem ( s ) = K ( s ) z ( s )

(3)

where Fem is the complex valued electromagnetic force exerted on the rotor, z is the complex valued displacement of
the rotor center, s is Laplace variable, and K ( s ) is a second order transfer function

600
400
Force [N]

K ( s ) = k0 +

Para rad
Para tan
Simu rad
Simu tan

k p −1
s − a p −1

+

k p+1
s − a p+1

(4)

where k0 , k p −1 , k p +1 , a p−1 , and a p+1 are the parameters of
the model. The subscripts of the parameters p − 1 and
p + 1 refer to the respective eccentricity harmonics of the
electromagnetic fields. The parameter p refers to the number of pole pairs of the machine. The parameters k p ±1 and
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a p±1 are generally complex valued. The imaginary parts of
the latter pair of parameters can be written
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a p±1 = a p±1,Re + ⎡⎣1 − s0 (1 ± p ) ⎤⎦ 0
p

(5)

where s0 is the slip of rotor with respect to the fundamental
harmonic, and ω 0 is the angular frequency of fundamental
harmonic.
Arkkio et al. [4] determined the force parameters of an
electric motor by calculating the electromagnetic forces induced by circular whirling motion ( s = jω ). Figure 1
shows the radial and tangential force components as a
function of whirling frequency. The 15 kW four-pole cage induction motor is loaded by the rated torque and supplied
by the rated voltage. The whirling radius is 11 % of the radial air-gap length. The radial component is defined in the
direction of the shortest air gap and the tangential component perpendicular to the radial one.
The linear second order transfer function (4) corresponds to the equations
Figure 1. The radial and tangential forces as function of the whirling frequency. The discrete points
represent the simulation results and the curves are
obtained by a curve fitting procedure together with
the parametric model. [4]

q& p−1 = a p −1q p−1 + k p −1 z ( t )
q& p+1 = a p+1q p+1 + k p+1 z ( t )

(6)

Fem ( t ) = q p−1 + q p +1 + k0 z ( t )

where q p−1 and q p+1 are new variables related to the eccentricity harmonics p − 1 and p + 1 of the air-gap field.
3.3 Combined model
The electromechanical rotor equations are obtained by combining the mechanical equations of motion (2) with the
equations of electromagnetic forces (6). Thus, the coupled system of equations can be written
mz&& + dz& + ( k − k0 ) z − q p −1 − q p +1 = f ( t )
q& p−1 = a p −1q p−1 + k p −1 z

(7)

q& p+1 = a p +1q p +1 + k p +1 z

3.4 Model in non-dimensional form
The system of equations (7) can be transformed into a non-dimensional form employing new non-dimensional variables

z% =

z
δ ′′

τ=

tω 0
p

q% p±1 =
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p2
⋅q
δ ′′ω 02 m p ±1

(8)

where δ ′′ is the radial air-gap length. Employing these variables, the system equations can be written in non-dimensional form
z%,ττ + d% z%,τ + k%e z% − q% p−1 − q% p+1 = f% (τ )
q% p−1 ,τ = a% p −1q% p −1 + k% p−1 z%

(9)

q% p+1 ,τ = a% p+1q% p +1 + k%p +1 z%

where k%e = k% − k%0 is the effective stiffness coefficient, and the subscript τ after comma refers to the differentiation with
respect to non-dimensional time. The new non-dimensional parameters are

a% p±1 =

p 2 k0
k%0 =
mω 02

p2k
k% =
2
mω 0

pd
d% =
mω 0
pa p ±1

Ω% =

ω0

pΩ

ω0

= 1 − s0

ω% n =

pω n

ω0

p 3 k p ±1
k%p ±1 =
mω 03
f% (τ ) =

p2
f (t )
mδ ′′ω 02

(10)

where ω n = k m is the natural mechanical frequency of the rotor, and Ω is the angular frequency of the rotor.
3.5 Matrix representation
Using the complex formulation, Equations (9) can be written in matrix form
&& + Cq& + ( K + H ) q = Q
Mq

(11)

where q is the vector of complex variables, M, C, K, and H are the mass, damping, stiffness, and circulatory matrices,
respectively, and Q is the loading vector. The matrices can be written explicitly
⎡ d% 0 0 ⎤
⎢
⎥
C = ⎢ 0 1 0⎥
⎢ 0 0 1⎥
⎣
⎦

⎡1 0 0 ⎤
M = ⎢⎢0 0 0 ⎥⎥
⎢⎣0 0 0 ⎥⎦

(12)
⎡
⎢ k%e
⎢
⎢ −1 − k%
p-1
K=⎢
⎢
2
⎢ −1 − k%
p +1
⎢
⎢
2
⎣⎢

−1 − k% p-1
2
− a% p −1,Re
0

−1 − k% p+1 ⎤
⎥
2
⎥
⎥
⎥
0
⎥
⎥
−a% p +1,Re ⎥
⎥
⎦⎥

⎡
⎢ 0
⎢
⎢1 − k%
p −1
H=⎢
⎢ 2
⎢1 − k%
p +1
⎢
⎢ 2
⎣⎢

⎤
⎥
2
2
⎥
⎥
⎥
0
− j ⎡⎣1 − s0 (1 − p ) ⎤⎦
⎥
⎥
0
− j ⎡⎣1 − s0 (1 + p ) ⎤⎦ ⎥
⎥
⎦⎥
−1 + k%p −1

−1 + k%p +1

where the complex conjugate of a complex number z is denoted by z . The mass, damping and stiffness matrices are
Hermitian matrices, and the circulatory matrix is skew-Hermitian matrix. The Hermitian and skew-Hermitian matrices
are generalizations of the real valued symmetric and skew-symmetric matrices, respectively. If the new electromagnetic
variables q% p±1 are interpreted as ‘quasi-displacements’, the electromechanical interaction turns up in the equations of
motion as additional damping, stiffness and circulatory terms. The circulatory, i.e. cross-coupled, stiffness terms induce
circulatory forces, which can stabilize or destabilize the system [7]. In rotating machines, the circulatory forces are the
major source of instability acting tangentially to the shaft whirl orbit and may consequently feed energy into the
whirling motion [8].
3.6 First order model
To explore the system characteristics, the equations are transformed into the form of state equations. These
equations can be written in the matrix form
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⎡ 0
⎢ %
⎢ − ke
A=⎢%
k
⎢ p−1
⎢ k% p+1
⎣

x,τ = Ax + B f% (τ ) ,

1
− d%

0
1

0

a% p −1

0

0

0 ⎤
⎥
1 ⎥
,
0 ⎥
⎥
a% p +1 ⎥⎦

⎧ z% ⎫
⎪
⎪
⎪ z&% ⎪
x=⎨
⎬,
⎪ q% p −1 ⎪
⎩⎪q% p +1 ⎭⎪

⎧0 ⎫
⎪ ⎪
⎪1 ⎪
B=⎨ ⎬
⎪0 ⎪
⎪⎩0 ⎪⎭

(13)

The homogeneous part of these equations comprise the eigenvalue problem

[ A − λI] u = 0

(14)

where I is the identity matrix. The solution consists of 4 eigenvalues λr and associated eigenvectors u r

( r = 1, 2, 3, 4 ) .

These eigenvalues can be expressed in the general form

λr = −δ r + jω r

(15)

where δ r is the decay constant, and ω r the frequency of the r th eigenvalue. The system is asymptotically stable, if all
the eigenvalues have positive decay constant.
3.7 Stability criterion
To study the stability of the system, we apply the criterion presented by Parks and Hahn [5] for linear differential
equations with complex coefficients. This criterion resembles the criterion developed by Bilharz [9], which is a
generalization of the better-known Routh criterion for equations with complex coefficients. The characteristic equation
of the system (14) can be written
det [ A − λ I ] = λ 4 + c3λ 3 + c2 λ 2 + c1λ + c0 = 0

(16)

where ci are the complex coefficients, and λ is an eigenvalue of the system. For this characteristic equation, a scheme
can be written in matrix form
1

c3,Im

−c2,Re

−c1,Im

c0,Re

c3,Re

c2,Im

−c1,Re

−c0,Im

0

r31

r32

r33

r34

0

M

M

M

0

0

(17)

where the suffix Re or Im in the subscript denotes the real or imaginary part of the complex coefficients, respectively,
and the recursive formula for the additional terms is
rij =

ri −1 ,1 ri −2 , j +1 −ri −2 ,1 ri −1 , j +1

(18)

ri −1 ,1

The Bilharz determinants can be calculated from the elements of the first column
D1 = r12

D2 = r13 r14 D1

D3 = r15 r16 D2

D4 = r17 r18 D4

(19)

and the criterion for asymptotic stability of the system is
Di > 0,

i = 1, 2, 3, 4

(20)

The first criterion can be written explicitly
D1 = d% − a% p −1,Re − a% p +1,Re > 0

(21)

This criterion sets a combined condition for the mechanical damping and for two electromagnetic parameters, which are
associated with the attenuation of the rotor currents. If we assume that the mechanical damping is zero, i.e. d% = 0 , we
obtain from the second criterion
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k%p −1,Re + k% p+1,Re

2
2
a% p −1,Re a% p +1,Re ⎡⎢ 4s0 p 2 + ( a% p−1,Re + a% p +1,Re ) ⎤⎥
⎣
⎦
>
%a p−1,Re + a% p +1,Re

(22)

This criterion sets the lower limit for the sum of parameters k%p±1,Re in terms of parameters a% p±1,Re , s0 and p . The third
and fourth criterions are more complicated in explicit form, and their implications are more difficult to understand.
4. Results
4.1 The studied motor
The studied motor was a 15 kW four-pole
cage induction motor. Arkkio et al. [4] used this
motor as an example for extensive numerical
simulations of electromagnetic forces. Their calculation results are verified by measurements,
where the rotor is suspended by magnetic bearings. The electromagnetic force parameters are
identified by curve fitting procedure assuming
either real or complex k p ±1 parameters. The complex fitting procedure yields slightly better results.
However, for the sake of simplicity, we applied
here only real valued parameters for k p ±1 . We
studied the motor operating at its rated power (15
kW), supplied by the rated voltage (380 V), and
the rotor is running at the rated slip (0.032). All
the parameters used in the calculations are given
in Table 1. The stiffness, mass and damping properties of the rotor are roughly estimated.

Table 1
Electromagnetic force parameters in non-dimensional form
of a 15 kW induction motor [4]
Dimensional
Symb.

ω0
m

δ ′′
p
s0
k0

k p −1
k p +1
a p −1,Re
a p+1,Re
k
d

Value
2π ⋅ 50
30
0.45 ⋅ 10−3
2
0.032
6.22 ⋅ 10
15.7 ⋅ 106
74.9 ⋅ 106
−3.1
−10.6
6

Unit

Non-dimensional
Symb.

Value

rad/sec
kg
m

N/m
N-rad/m-sec
N-rad/m-sec
rad/sec
rad/sec
N/m
kg/sec

s0
k%

0

k%p −1
k%p +1
a% p −1,Re
a% p+1,Re
k%
d%

0.032
8.403
0.1350
0.6442
−0.0200
−0.0672
203
0.42

4.2 Vibration characteristics of the studied
1.5 ⋅ 108
motor
2 ⋅ 103
The natural bending frequency of the rotor
without electromagnetic effects is 355.9 Hz. Table
2 shows the eigenvalue frequencies and decay
constants of the electromechanical rotor system
without mechanical damping. The two lowest modes are associated with the eccentricity harmonics of electromagnetic
fields, and the two higher modes are associated with the forward (FW) and backward (BW) whirling modes. However,
all modes have electromagnetic and mechanical contributions. The effect of electromechanical coupling on the whirling
frequencies and their decay constants is minor. The frequencies of electromagnetic modes correspond to the frequencies
of the eccentricity harmonics of electromagnetic fields. The decay constants of these modes are associated with the
attenuation of rotor currents.
We note that in the studied motor the ratio of
fundamental frequency, without electromagnetic
effects, to the operating shaft speed is large
Table 2
( ω n Ω ≈ 15 ). This is typical for small electric moThe eigenvalues of the studied motor
tors. The electromechanical interaction is apparently
more pronounced in motors having the ratio close to
Mode
Freq. [Hz] Decay constant
Description
unit. This is usually the case in large electric motors.
To study the electromechanical interaction we re1
0.068
Mode p + 1
22.6
tained the electromagnetic properties of the motor
2
25.8
0.021
Mode p − 1
but assumed that the shaft stiffness is lower than in
3
348.7
0.0025
FW whirling
the actual motor. A similar approach was employed
4
348.7
0.0022
BW whirling
by Früchtenicht et al. [1] and Belmans et al. [2] in
their experimental investigations.
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FW mode
BW mode
P−1 mode
P+1 mode
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0
FW mode
BW mode
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P+1 mode
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2

0
2

3

4
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(k /m)
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−0.1
2
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/Ω

Figure 2. Frequencies of eigenvectors as function of
shaft stiffness.

4
(k /m)0.5 / Ω

5

6

Figure 3. Decay constants of eigenvectors as function
of shaft stiffness.

4.3 Vibration characteristics as function of shaft stiffness
Figure 2 and 3 show the frequencies and decay constants of the electromechanical rotor system without mechanical
damping. For comparison, the rotor frequency is presented also without electromagnetic forces (EMF). Figure 2 shows
that the whirling frequencies are somewhat lower than the fundamental frequency without electromechanical coupling.
This results from the so-called negative-spring effect of electromagnetic forces. Further, the electromagnetic modes are
independent of the shaft stiffness within high stiffness range.
As the shaft stiffness is decreased, the whirling modes and electromagnetic modes interact strongly with each
other’s. Figure 3 shows that the decay constants are all slightly positive within the high stiffness range. As the shaft
stiffness is decreased, Mode p + 1 and therefore the whole system become unstable. The critical non-dimensional value
for the shaft stiffness is k% = 18.9 . A more detailed study of the electromagnetic forces revealed that below this critical
shaft stiffness, the electromagnetic forces feed energy into the whirling motion. In addition, it can be noted that the
stiffness matrix K is negative-definite when the shaft stiffness is less than the limit value k% = 34.6 .
4.4 Rotordynamic stability
Our system model is defined by 7 real valued parameters (Eq. 13 & 5). Figures 4 – 7 show four stability charts, in
which three of the system parameters are varied and four held constant. The reference point for all the charts is defined
by parameters: k%p −1 = 0.1350 , k%p +1 = 0.6442 , a% p −1,Re = −0.02 , a% p +1,Re = −0.0672 , d% = 0.42 , and s0 = 0.032 . The effec-

tive shaft stiffness k%e is varied in all figures.
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0

8
12
16
20

Unstable
−0.05

Unstable

a′

k′

p+1

p+1,Re

1

8
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16
20

−0.1

0.5
Stable

Stable
−0.15
0
0

0.1

0.2
k ′p−1

0.3

0.4

Figure 4. Stability borderlines for non-dimensional
parameters k ′p −1 = k% p−1 , k ′p+1 = k% p +1 and k%e .
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a ′p−1,Re

−0.01

0

Figure 5. Stability borderlines for non-dimensional
parameters a′p−1,Re ( = a% p−1,Re ) , a′p+1,Re ( = a% p +1,Re ) and k%e .
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Figure 7. Stability borderlines for non-dimensional
parameters ke′ = k%e , k ′p +1 = k%p +1 and a% p+1,Re .

Figure 6. Stability borderlines for non-dimensional
parameters ke′ = k%e , k ′p−1 = k%p −1 and a% p −1,Re .
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Figures 4–7 show that the critical value of effective stiffness k%e depends clearly on the main system parameters. In
addition, Figures 4 and 5 indicate that an increase of parameters k% and decrease of a%
may destabilize the system.
p ±1

p ±1,Re

5. Discussion and conclusions

A simple electromechanical rotor model of an electric motor was generated. In addition to the Jeffcott rotor variable, the model included two additional complex variables describing the spatially linear effects of electromagnetic
field. The obtained results confirm that the electromagnetic fields and the rotor vibrations may interact strongly. If the
new electromagnetic variables are interpreted as ‘quasi-displacements’, the interaction turns up in the equations of motion as additional damping, stiffness and circulatory terms. The circulatory terms, i.e. cross-coupled stiffness terms, is a
major source of instability in rotating machines. Thus, the presented model offers a new and simple explanation for
electric motors, which is compatible with the experience of rotordynamic instabilities. The numerical example raised
another explanation for rotordynamic instability. The system parameters may yield a negative-definite stiffness matrix
(symmetric part), which destabilize the system without stabilizing forces. These explanations must be used as hypotheses for more detailed studies including the numerical simulation of electromechanical rotor systems and the validation
procedures by experimental methods.
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Abstract
In electric machines the electromagnetic fields interact with the deformations of machine structures. At
low frequencies the electromagnetic system may couple distinctly with the mechanical one. This
electromechanical interaction changes the vibration characteristics of the machine; e.g., it may induce
additional damping or cause rotordynamic instability. To study these interaction effects, an
electromechanical simulation model for the rotor vibrations of electric machines was developed. A
time-stepping, finite element analysis was used for the solution of these system equations. The
complete system is non-linear due to the saturation of magnetic materials. In addition, a spatially
linearized version of the complete simulation model was developed. In this model, the effects of nonlinear saturation can be calculated before the actual simulation. The developed simulation models were
applied to study the vibration characteristics of a modified 15 kW electric motor. The impulse
excitation exerted on the rotor was used as the loading for the transient analyses. The rotordynamic
stability was illustrated by plotting the orbits of the rotor with two separate shaft stiffness. In addition,
the response signals and frequency response functions obtained by the simulation models were
compared. The complete and linearized models yielded almost similar results. These numerical results
indicate that the linearized simulation model can be used as a good approximation for the
electromechanical interaction in rotor vibrations of electric machines. Moreover, the linearized model
is numerically very effective compared to the complete simulation model.
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1

Introduction

An electric motor converts electric energy to mechanical one. The magnetic field in the air gap of the
machine generates the tangential forces required for the torque generation. In addition, the field
produces other force components that interact with the machine structures and may cause harmful
vibrations. At relatively low frequencies, the vibration amplitudes may be large enough to couple the
electromagnetic system with the mechanical one. This electromechanical interaction changes the
vibration characteristics of the machine; e.g., it may induce additional damping or cause rotordynamic
instability.
Früchtenicht, Jordan and Seinsch [1] developed an analytic model for the electromechanical
forces between the rotor and stator, when the rotor is in circular whirling motion. Using this model,
and assuming synchronous whirling motion, they determined the stiffness and damping coefficients
induced by the electromagnetic field. They used these coefficients in a simple mechanical rotor model
and studied the effects of electromechanical interaction. Using this model, and carefully designed
experimental arrangements, they found out that the electromechanical interaction can cause
rotordynamic instability. Later on, Belmans, Vandenput and Geysen [2] studied both analytically and
experimentally induction motors operating on supercritical speed range. Their calculation model
resembled to that of Früchtenicht et al. [1], but they focused on two-pole machines. They concluded
that one potential reason for the rotordynamic instability results from the electromagnetic damping
coefficient which may be negative. Skubov and Shumakovich [3] developed an analytic
electromechancial model and studied the rotordynamic instability. They found out that the tangential
component of the electromagnetic total force may be the reason for the instability.
Arkkio et al. [4] presented a simple parametric model for the electromagnetic forces acting
between the rotor and stator when the rotor is in whirling motion. They determined the model
parameters of an electric motor by numerical simulations including the non-linear saturation of
magnetic materials. In addition, Arkkio et al. validated the numerical results by extensive
measurements. Holopainen, Tenhunen and Arkkio [5] connected this parametric force model with a
simple mechanical rotor model. Using this simple model they studied the effects of electromechanical
interaction on vibration characteristics and particularly on rotordynamic instability. This simple
electromechanical model is numerically very effective, because the non-linear analysis of
electromagnetic fields can be carried out before the electromagnetic and mechanical systems are
coupled together. This means, that the model is linearized around the equilibrium point in the actual
operation conditions. However, there is an open question, whether this approach is feasible. The aim
of this study was to validate this simple electromechanical model against a more advanced, in one way
complete, simulation model, in which the electromagnetic field equations and the mechanical
equations of motion are solved simultaneously.

2
2.1

Methods of analysis
Complete simulation model

The simulation of the electromechanical system was based on the time-stepping, finite-element
analysis. The details of the calculation of the magnetic field are presented by Arkkio [6]. The magnetic
field in the core region of the motor was assumed to be two-dimensional. End-winding impedances
were used in circuit equations of the windings to model approximately the end effects. Second-order,
isoparametric, triangular elements were used for the electromagnetic fields. A typical finite element
mesh for the cross section of the test motor contained about 10 000 nodes.
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To model the mechanical behavior of the system, we applied the Jeffcott rotor model. The
rotor core was modeled as a rigid cylinder located at the middle of a uniform, massless, flexible shaft.
The shaft was simply supported at its ends by the rigid frictionless bearings. The damping forces were
neglected in order to emphasize the effects of electromagnetic forces, and the cylinder was assumed to
move only in transversal plane, or more precisely in xy-plane. The origin of this plane was assumed to
coincide with the rotation axis, and the center position of the rotor core was defined by a complex
variable

z (t ) = x (t ) + i y (t ) .

(1)

The equation of motion of this simple rotor, using the complex co-ordinates approach, can be written
mz&& + kz = f ( t ) ,
(2)
where m is the mass of the disc, k is the shaft stiffness coefficient, and f is the excitation force.
The electromechanical interaction was modeled by moving the center point of the
electromagnetic rotor model, which was rotated at the mechanical angular frequency, according to the
motion of the mechanical rotor model. Likewise, the electromagnetic total force exerted on the rotor
was fed back to the mechanical rotor model. The stator was mechanically modeled as a rigid body.
Changing the finite-element mesh in the air gap enabled the relative motion between the rotor and
stator. The method presented by Coulomb [7] was used for computing the electromagnetic forces. It is
based on the principle of virtual work, and the force is obtained as a volume integral computed in an
air layer surrounding the rotor. In the two-dimensional formulation, the calculation reduces to a
surface integration over the finite elements in the air gap.
The magnetic field and circuit equations were discretized and solved together with the
mechanical system. The time-dependence of the variables was modeled by the Crank-Nicholson
method. The magnetic field, the currents, and the rotor motion were obtained directly in the solution of
the equations.
Several simplifications have been made in order to keep the amount of computation on a
reasonable level. The magnetic field in the core of the machine is assumed to be two-dimensional. The
laminated iron core is treated as a non-conducting, magnetically non-linear medium, and the nonlinearity is modeled by a single valued magnetization curve. The unipolar flux that may be associated
with eccentricity is neglected. However, the method of analysis should model properly the effects of
the equalizing currents, non-skewed slotting and saturation.
2.2

Linearized simulation model

Arkkio et al. [4] presented a low order linear model for the electromagnetic forces between the rotor
and stator. The proposed transfer function model can be written in complex form as

Fem ( s ) = K ( s ) z ( s ) ,

(3)

where Fem is the complex valued electromagnetic force exerted on the rotor, z is the complex valued

displacement of the rotor center, s is Laplace variable, and K ( s ) is a second order transfer function

K ( s ) = k0 +

k p−1
s − a p−1

II/3

+

k p+1
s − a p+1

,

(4)
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where k0 , k p−1 , k p+1 , a p−1 , and a p+1 are the parameters of the model, and p refers to the number of
pole pairs of the machine. The subscripts of the parameters, p − 1 and p + 1 , refer to the respective
eccentricity harmonics of the electromagnetic fields. The parameters k p±1 and a p±1 are generally
complex valued.
Arkkio et al. [4] determined the force parameters of an electric motor by calculating the
electromagnetic forces induced by circular whirling motion ( s = iω ). Figure 1 shows the radial and
tangential force components as a function of whirling frequency. The 15 kW four-pole cage induction
motor, which is also the test motor of our study, is rotated at the rated speed and supplied by the rated
voltage. The whirling radius is 11 % of the radial air-gap length. The radial component is defined in
the direction of the shortest air gap and the tangential component perpendicular to the radial one.

Para rad
Para tan
Simu rad
Simu tan

600

Force [N]

400
200
0
−200
0

10

20
30
40
Whirling frequency [Hz]

50

Figure 1: The radial and tangential forces as function of the whirling frequency. The discrete points
represent the simulation results and the continuous curves are obtained by a curve fitting procedure
together with the parametric model [4].
The linear second order transfer function of Equation (4) correspond to the equations

q& p−1 = a p−1q p−1 + k p−1 z ( t )
q& p+1 = a p+1q p+1 + k p+1 z ( t )

(5)

Fem ( t ) = q p−1 + q p+1 + k0 z ( t )
where q p−1 and q p+1 are new variables related to the eccentricity harmonics p − 1 and p + 1 of the airgap field.
The linearized electromechanical rotor equations were obtained by combining the mechanical
equations of motion (2) with the equations of electromagnetic forces (5). Thus, the coupled system of
equations can be written

mz&& + ( k − k0 ) z − q p−1 − q p+1 = f ( t )
q& p−1 = a p−1q p−1 + k p−1 z
q& p+1 = a p+1q p+1 + k p+1 z
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These are the differential equations of the linearized simulation model used later in the numerical
examples.

3

Simulation results

3.1

The studied motor

The studied motor was a 15 kW four-pole cage induction motor. The main parameters of the motor are
given in Table 1, and the cross-sectional geometry is shown in Figure 2. The effective stiffness and
mass of the rotor were roughly estimated. The mechanical damping was neglected. Arkkio et al. [4]
used this motor as an example for extensive numerical simulations of electromagnetic forces in forced
circular whirling motion. They verified the calculation results by measurements. Table 2 shows the
electromagnetic force parameters determined in that investigation and employed in this study in the
linearized simulation model.
Table 1: Parameters of the 15 kW induction motor.
Parameter
Nominal shaft stiffness [N/m]
Mass of the rotor [kg]
Number of poles
Number of phases
Number of parallel paths
Outer diameter of the stator core [mm]
Core length [mm]
Air-gap diameter [mm]
Radial air-gap length [mm]
Number of stator slots
Number of rotor slots
Skew of rotor slots
Connection
Rated voltage [V]
Rated frequency [Hz]
Rated current [A]
Rated power [kW]

Value
1.5 ⋅108
30
4
3
1
235
195
145
0.45
36
34
0
Delta
380
50
28
15

Table 2: The electromagnetic force parameters of the 15 kW induction motor. The meaning of the
parameters is presented in Equations (3) and (4).
Parameter Value
k0 6.22 ⋅106
k p−1 (17.5 + i 6.82 ) ⋅106

Unit
N m
N-rad m-s

(87.9 + i 8.65) ⋅106
2π ( −0.54 + i 25.8 )
2π ( −1.80 + i 22.6 )

N-rad m-s

k p+1
a p −1
a p+1
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We studied the motor operating at its rated power (15 kW), supplied by the rated voltage (380 V), and
the rotor was running at the rated slip (0.032). In the simulations, lower than the nominal values for the
shaft stiffness were used in order to underline the effects of electromechanical interaction. A similar
approach was employed by Früchtenicht et al. [1] and Belmans et al. [2].
3.2

Electromagnetic field in whirling motion

The magnetic field, producing forces between the rotor and stator, is required to convert the electric
energy into the mechanical form. If the rotor is concentric with the stator, the total force between the
rotor and stator is zero. If the rotor is moved from the center point, the magnetic field of an ideal motor
is disturbed. To illustrate this phenomenon, we compared the magnetic fields of the studied motor in
two conditions. Either the center point of the rotor was forced to move along a circular path at a
constant whirling speed, which was the same as the rotation speed of the rotor, i.e. 24.25 Hz , or the
center point of the rotor was hold fixed in the center. The motor was simulated in rated operation
conditions with the exception of slip, which was 0.03. A relatively long simulation time, t = 2.6 s , was
required in order to eliminate the effects of initial transients and to distinguish the disturbed field
induced by the whirling motion. Figure 2 shows the electromagnetic field in studied motor with
whirling rotor, and the difference of the above mentioned two fields, at time t = 2.6 s . At that instant
of time, the angular position of the shortest air gap due to the whirling motion is 18.0 degrees in
respect to the horizontal line. Further, the amplitude of the total electromagnetic force vector, exerted
on the rotor, was 696 N, and the angle –4.6 degrees in respect to the horizontal line.

Figure 2: On the left is the magnetic field of the motor obtained by the whirling rotor with radius
50 µ m , i.e., about 11 % of the air gap length. The flux between any two curves is 4.25 mWb m . On
the right is the difference of the magnetic fields obtained by the whirling rotor and by the fixed
concentric rotor. In this case the flux between any two curves is 0.093 mWb m .
3.2.1 Orbital motion of rotor

The electromechanical interaction may induce rotordynamic instability [1, 2], e.g., by supplying
electric energy via circulatory forces into the mechanical energy of transversal vibration [5]. We
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studied the rotordynamic stability by simulating the motor with two separate shaft stiffness. A
rectangular pulse in horizontal direction excited the rotor. The excitation force was 30 N, the length of
the pulse 0.01 s, and thus, the first cut-off frequency 100 Hz. Figure 3 shows the orbits of the rotor
center obtained by the complete simulation model. The simulation time was 1.0 s. The convergent
spiral represents the stable rotordynamic behavior and the opening spiral the unstable behavior. The
stability limit for the shaft stiffness obtained by the linearized model is k = 1.4 ⋅107 N m .
0.2
0.002

y/δ

y/δ

0.1

0

0

−0.1
−0.002
−0.002

0
x/δ

−0.2

0.002

−0.2

−0.1

0
x/δ

0.1

0.2

Figure 3: The orbit of rotor center obtained by the complete simulation model with the shaft stiffness
k = 1.6 ⋅107 N m (on the left) and k = 1.2 ⋅107 N m (on the right). The displacements are related to the
air gap length, δ = 0.45 mm .
3.2.2 Transient response

One way to compare the complete and linearized simulation models is to plot the response signals
induced by the same excitation at equivalent operation conditions. Figure 4 shows the horizontal and
vertical displacement signals for the horizontal impulse excitation. In the simulations, the shaft
stiffness k = 1.3 ⋅107 N m was used yielding the first flexural frequency 105 Hz without the effects of
electromagnetic forces, and 78 Hz with the electromechanical interaction. The results obtained by the
complete and linearized simulation models are shown.
3.2.3 Frequency response functions

Another, more comprehensive, way to study the similarity of the two system models is to compare the
frequency responses. Figure 5 shows the frequency response plots between the horizontal and vertical
displacements and the horizontal excitation. The shaft stiffness k = 1.4 ⋅107 N m was applied yielding
the first flexural frequency 109 Hz without the effects of electromagnetic forces. The length of the
horizontal excitation pulse was 0.01 s and the force amplitude 30 N. The first cut-off frequency of this
excitation is 100 Hz. The total simulation time was two seconds. In the complete simulation analysis
the time step was chosen to be ∆t = 0.05 ms . Every sixth calculation point was used later in the
spectral analysis. Thus, the sampling time for the spectral analysis was ∆t = 0.3 ms . The exponential
window ( e −α t , α =1 rad s ) was applied to reduce the discontinuity at the end of the simulated data, and
thus, to avoid the effects of leakage. Leakage is a direct consequence of the finite sample length
coupled with the assumption of periodicity [8]. To increase the spectral resolution, the sample size was
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extended to be 4.9149 s by adding zeros in the end of the simulated time data. Thus, in the discrete
Fourier transform the number of points was 214 (= 16384). The simulation procedure with the
linearized model was mainly similar. However, the explicit Runge-Kutta solver was used with the
maximum time step ∆tmax = 1 ms [9]. The total simulation time was 4.9149 s, but the zero padding
technique was not applied. The discrete response values in the predefined sampling points ( n = 214 ,
∆t = 0.3 ms ) were obtained by the cubic spline interpolation. Thus, the main difference between the
complete and the linearized simulation approaches was the modeling of the electromechanical
interaction.
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Linearized
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Linearized
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Figure 4: The horizontal (on the left) and vertical (on the right) displacement response obtained by the
complete and linearized simulation models. The displacements are related to the air gap length,
δ = 0.45 mm . The excitation force, F = 30 N , was exerted on the rotor in the horizontal direction
between t1 = 0.01s and t2 = 0.02 s . The first cut-off frequency of this excitation is 100 Hz.
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Figure 5: The frequency response functions between the horizontal (on the left) and vertical
displacements (on the right) and the horizontal excitation. See text for the details.
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4

Discussion of the results

Figure 2a represents the solved magnetic field for the whirling rotor. However, only the fundamental
field component, which has two pole pairs ( p = 2 ), is visible. This is due to the weakness of other
field components. The difference field, presented in Figure 2b, reveals the other most important field
components of the disturbed magnetic field. The visible harmonic components of this disturbed field
are p − 1 and p + 1 . These field components are known to be the two most important harmonic
components related to the generation of electromagnetic total force at the low frequency range [1, 4].
In addition, it can be observed that the maximum value of the magnetic field induced by the whirling
motion is about 2 % of the maximum value of the fundamental field. This indicates that the numerical
accuracy required for the electromagnetic field calculations in electromechanical problems is high.
The relation between the rotordynamic stability and the shaft stiffness can be seen in Figure 3.
Only the results of the complete model are represented. The linearized model gave similar orbits. The
addition of the non-rotating mechanical damping enhanced stability. However, the main characteristics
of the system remained qualitatively unchanged.
Figure 4 shows the transient responses for an impulse excitation. The complete and linearized
simulation models yield mainly similar responses. However, the higher frequency components
attenuate faster in the complete model. The higher frequency components, corresponding to the
mechanical vibrations, dominate in the beginning of the horizontal response. This initial phase is
followed by the domination of a lower frequency component, which is related to one of the
electromagnetic eigenmodes. The unstable behavior follows, though, it is not observable in Figure 4. It
can also be observed, as well as in Figure 3, that the horizontal and vertical directions are coupled via
the electromechanical interaction.
Figure 5 shows that the frequency response functions of the simulation and parametric model are
very similar. Two of the eigenfrequencies (22.6 Hz and 25.8 Hz) are related to the harmonic
components p − 1 and p + 1 of the electromagnetic field. The third eigenfrequency (83 Hz) is related
to the mechanical eigenmode, which is coupled with the electromagnetic system. The calculated
curves differ especially around the third eigenfrequency. A potential explanation for this discrepancy
between the models is the estimation procedure for the electromagnetic force parameters. These
parameters for the linearized model were obtained by curve fitting procedure using the frequency
range 0 – 50 Hz weighting the frequency range close to the electromagnetic resonances at about 24 Hz
(Figure 1). This means that the electromagnetic forces around the mechanical eigenfrequency (83 Hz)
are extrapolated far away from the original data values. This extrapolation error is included in the
linearized model, but not in the complete model. A cross-check of the parametric force model together
with the simulated force values at higher frequencies confirm that this hypothesis explains, at least,
part of the discrepancy.

5

Conclusions

The numerical results indicate that the linearized simulation model can be used as a good
approximation, when the effects of electromechanical interaction in rotor vibrations of electric
machines are investigated. In this linearized model, the parametric force model represents the
electromagnetic forces between the rotor and stator. This force model is linear in respect to the rotor
position. The use of this linearized model is very attractive, especially in practical applications,
because it is computationally very effective.
An important observation is related to the estimation procedure of the electromagnetic force
parameters. In the estimation procedure, which was in this study the curve fitting technique, the
frequency range of the investigated phenomena must be taken into account. To enhance the quality of
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the model on the critical frequency ranges, it is attractive to use a weighting function or introduce a
few additional force parameters.
The mechanical model of the coupled electromechanical system was very simple even in the
complete simulation model. The obtained results encourage, in the future, to couple more detailed
mechanical models together with the electromagnetic models of electric machines.
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