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Foreword
VÄRE - Control of Vibration and Sound - Technology Programme 1999-2002 is a national
technology programme launched by the National Technology Agency (Tekes). It raises the
readiness of companies to meet the stricter demands set by market for the vibration and sound
properties of products.
As to structure-borne sound power and the characterization of machines as a source of
structure-borne sound there are not yet generally accepted international standards or methods.
The research work on these topics is going on both in theoretical and practical aspects. Instead
the properties of machines as a source of air borne sound are well established and
standardised internationally.
This literature review belongs to the VÄRE subproject Control of vibration and noise of
vehicles. The research is aimed to find in the literature methods for the characterisation of
diesel engines of a ship as structure-borne sound sources and to find design methods to
minimise the sound transmission from machines via foundation to the ship structure.
This project is financed by Tekes (that is the main financing organization for applied and
industrial research and development in Finland), VTT Manufacturing Technology (nowadays
VTT Industrial Systems) and Finnish companies: diesel engine manufacturer Wärtsilä NSD
Finland Oy (nowadays Wärtsilä Finland Oy), ship yards Kvaerner Masa-Yards Inc., and Aker
Finnyards Oy.
Licentiate in Technology Tapio Hulkkonen from Kvaerner Helsinki yard leaded the
supervising group from the beginning to 10th of November 2000. Thereafter Master of
Science in Technology Peter Sundström from Wärtsilä Finland Oy took the leadership. The
other members of the supervising group have been: Masters of Science in Technology Jouko
Virtanen, Berndt Lönnberg and Engineer Juhani Siren from Kvaerner; Masters of Science in
Technology Jukka Vasama, Kari Kyyrö and Jari Lausmaa from Aker Finnyards Oy; and
Master of Science in Technology Petri Aaltonen from Wärtsilä Finland Oy; project manager
of "Vibration and noise control of transport equipment and mobile work machines"
(LiikkuVÄRE) Master of Science in Technology Teijo Salmi and project director Doctor of
Technology Matti K. Hakala from VTT Industrial Systems.
This study was financially supported by Tekes and Finnish companies, which made this
project possible. This project was also supported financially by the Tekes VÄRE-project
EMISSIO (Control of noise emission in machinery) through its subproject EMIPOWER
(Diesel motor as a source of structure-borne sound). The project manager Master of Science
in Technology Kari P. Saarinen made co-operation with this project possible, which is greatly
appreciated.
The author wants to express his warm thanks to the supervising group for the support and
encouragement during the work.
Espoo, 5 November 2002
Pertti Hynnä
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1

Introduction

Today acoustics of vehicles or any kind of machines is important for the community and the
industry. This interest in sound and vibration quality has been seen as numerous international
and national regulations given for sound and vibration control to reduce the impact on man.
Low noise design ([1], [2], and [3]) and design of quiet structures [4] are getting more
emphasis at the design stage and it has an important impact on the marketability and
competitiveness of many products. At the design stage it is often asked to predict the resulted
sound levels of a machine or component. To do this, one needs to analyze all the excitation
sources and their interactions with the structures and transmission paths. For air-borne sound
well-established design and measurement methods are nowadays available. Instead for
structure-borne sound the methods for characterization of machines or components as sources
of structure-borne sound are still in phase of intensive research and development.
Sound is propagated over long distances in built-up structures mainly as structure-borne
sound because of low material damping. Instead air-borne sound has only meaning near the
sound source or in spaces contiguous to the source space. Audible sound to a normal human
ear covers roughly the frequency range from 20 Hz to 20 kHz [5, p. 25]. Usually at the design
stage the frequency range is restricted to the frequencies including the octave bands from
31,5 Hz to 8 kHz. This means that in built-up systems composed typically of beams, plates
and shells one or two dimensions are small compared with the structural wavelength. This
requires very much from the analysis methods and engineers when typically only scarce input
data is available to meet the requirements specified on a new product.
Analysis methods of structure-borne sound transmission must be able to handle with
different parts of the structure and with the whole structure as well. Substructuring technique
allows the properties of the assembled structure to be calculated using the properties of its
parts. In the modelling using substructuring one important requirement is to be able to utilize
also measured input data because the properties of mechanical parts vary and sometimes the
only way is to use measured input data. The so-called impedance or mobility method allows
both substructuring and use of measured input data [6]. The roles of experiments with
computational experimentation are thoroughly discussed by Frank Fahy in [7].
Structural parts may be modelled and analyzed using several methods including theoretical
and experimental modal methods, discrete Finite Element Methods (FEM) or using the mean
value methods like Statistical Energy Analysis (SEA) [8]. Depending on the modelling work
at hand, sometimes even empirical and semiempirical methods have to be used.
Characterization of machines as sources of structure-borne sound is the major problem
when estimating the structure-borne sound emission [9]. Vibrational power transmission from
a machine source to flexible machinery supporting structures has been under intensive
research (see e.g., references [10], [11], [12], [13], [14], [15], [16], [17], [18] and [19]). Power
transmission from a source structure to the receiving structure depends on the mobilities of
the source and the receiving structure, respectively.
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This literature review is concentrated to the structure-borne sound power and source
characterization of diesel engines in the ship context (see Figure 1) and in an agricultural
tractor (see Figure 2). The mobility technique is discussed as well, because it is well known
that the transmitted power from source to the receiving structure is dependent on the
mobilities of the source and the receiver. Also the determination of vibrational power
transmission through vibration isolators is reviewed.

Motor

Gear

Propeller

Water
Figure 1. In the ship and small graft context interaction phenomena interconnect sources of
sound and vibration with structures and the surrounding air and water.

Figure 2. Diesel engine as a source of structure-borne sound in an agricultural tractor.

2

Definitions

2.1 Acoustics and sound
Acoustics is the science of sound (see [5]). It includes generation, transmission, and effects of
sound. The term sound means not only the phenomena in air which cause the sensation of
hearing but also those phenomena that are governed by analogous physical principles. Thus
we use the terms infrasound and ultrasound even the frequency is either too low or too high to
be heard by a person with normal hearing. In addition the terms underwater sound, sound in
solids, and structure-borne sound are in common usage. The frequency range of audible
sounds is roughly between 20 Hz and 20 000 Hz. Compared to optics sound is a mechanical
wave motion whereas light is an electromagnetic wave motion.
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2.2 Airborne sound
Sound that is transmitted from the sound source to its environment through air is called
airborne sound. It propagates as longitudinal compressional waves. The speed of sound in air
is about 340 m/s. A wave is a process where a disturbance from equilibrium in a material
medium is transported through the medium without net transport of mass [20].

2.3 Structure-borne sound
Many sounds, which we sense to come from different activities, are either produced or
conducted by vibrating solid bodies. These include for instance the sound of many musical
instruments, engines, machines and the impact sound coming from the adjoining room. The
field of physics which deals with the generation and propagation of motions and forces
varying as a function of time in solid bodies and the associated sound radiation is called
"structure-borne sound" [23]. Or alternatively structure-borne sound covers all forms of
audio-frequency vibration of solid structures, because these vibrations are inevitably
accompanied by the generation of sound in contiguous fluids [20]. In this context sound refers
to the frequency range of interest that is the frequency range audible to a normal human ear
roughly between 20 Hz and 20 kHz. However, the frequency limits are not to be considered as
absolute limits [23]. The phenomena associated with structure-borne sound are complicated
because sound is propagated in many waveforms, which couple with each other at structural
junctions. In addition the speed of wave propagation may depend on frequency, as is the case
with bending (flexural) waves. The range of amplitudes of structure-borne sound varies from
less than 10 −8 mm at high frequencies to several millimeters at low frequencies.

2.4 Sinusoidal disturbance
Small amplitude perturbations compared to an ambient state are called acoustic disturbances.
The ambient state ( p 0 , ρ 0 , v 0 ) for a fluid is characterized by the values of the pressure p 0 ,
density ρ 0 and fluid velocity v 0 which prevail when there is no perturbation. Thus for
instance the acoustic pressure is the perturbation equivalent to the deviation from the static
pressure (total pressure) [5]. The hearing threshold for a person with acute hearing
corresponds to the acoustic pressure of 20 µPa equivalent to 0 dB (re 20 µPa) and the pressure
63 Pa equivalent to 130 dB corresponds the threshold of pain. These pressures can be
compared with the ambient static air pressure of 0,1 MPa to get an idea of the relative
magnitudes of pressures. Also that is why the decibel scale is used to get numbers to a
practical scale between 0 - 130 when expressing the magnitude of usually encountered
acoustic pressures.
A field is a constant frequency if the field variables are varying sinusoidally with time,
such that for instance for the acoustic pressure p [5]

p = p pk cos(ω t − φ ) = p pk sin(ω t − φ ′) = Re [ pˆ e −iω t ] ,

(1)

where the amplitude or peak pressure p pk , the angular frequency ω , the complex pressure
amplitude p̂ , and the phase constants φ and φ ′ are independent of time t. Re [ ] denotes real
part. The relations in Eq. (1) are equivalent, if [5]
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φ′ = φ −

π
,
2

pˆ = p pk e iφ ,

(2)

since trigonometry and Euler's formula give the following equations, respectively,

πö
æ
sin ç α + ÷ = cosα ,
2ø
è

e iα = cosα + i sin α .

(3)

The pressure in Eq. (1) oscillates between positive and negative values and repeats itself
when the arguments ω t − φ or ω t − φ ′ change by 2π when the sine or cosine function
changes sign. Thus the period, the time per cycle, is 2π / ω and the number of cycles per unit
time, frequency, is
f =

ω
,
2π

(4)

and the SI unit of frequency is hertz [Hz], where 1 Hz = 1 s -1 (or one cycle per second). The SI
unit of angular frequency is [rad/s] (radians per second) often written in the form of only [1/s].
A plane travelling wave of constant frequency repeats itself also with distance of
propagation and the repetition length is called wavelength λ = 2π / k , where k is the wave
number. The relationships between wave number, angular frequency, frequency, speed of
sound propagation c and wave length are obtained from
k=

ω 2π f 2π
.
=
=
c
c
λ

(5)

The complex number representation introduced in Eq. (1) is frequently used in theoretical
studies because it enables the expression of the amplitude and phase with only one complex
number. The time dependence e −iω t is traditional in wave-propagation studies [5]. Some
writers use instead the time dependence e + iω t .
For sinusoidally varying pressure (see Eq. (1)) the mean squared pressure ( p 2 ) av (many
times denoted as ( p 2 ) where the over-bar means time-averaging) and root-mean-squared
(rms) pressure p rms are defined as [5]
( p 2 ) av = ( p 2 ) =

1
T

ò

t 0 +T
t0

2
p 2 (t )dt = p rms
,

(6)

where T is either an integral number of half-wave periods or an interminably long time. With
the aid of Eqs. (1) and (6) one gets relationships [5]
2
2
( p 2 ) av = ( p 2 ) = p rms
= 12 p pk
=

1
2

2
pˆ .

(7)
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The spatial averaging over a surface or a volume is denoted often in the literature by angle
brackets, e.g., p 2 .

2.5 Time average of a product
If one considers with same frequency oscillating two signals X and Y denoted by
)
X = Re X e −iω t

[

]

)
and Y = Re Y e −iω t ,

[

]

(8)

then the time average of their product is obtained from [5]

[

]

( XY ) av = 12 Re XˆYˆ ∗ ,

(9)

where Yˆ ∗ is the complex conjugate of Yˆ . This can be derived for example as follows: using
the notation of Eq. (8) for X and Y one obtains

[

iφ
iφ
( XY ) av = Re ( Xˆ e X e −iω t ) Re( Yˆ e Y e −iω t )

]

av

= Xˆ ⋅ Yˆ [Re (e -iα )Re(e −i β )] av ,

where α = ω t − φ X and β = ω t − φY . The trigonometric identity [5]
cos α cos β = 12 cos(α − β ) + 12 cos(α + β )

(10)

gives
( XY ) av = Xˆ ⋅ Yˆ [cos α cos β ] av = Xˆ ⋅ Yˆ

[ 12 cos(φY − φ X ) + 12 cos(2ω t − φY − φ X )] av

where the second term averages out to zero when the time averaging is performed, and one
obtains the relation presented in Eq. (9)
( XY ) av =

1
2

[ ]

[ ]

± i (φ −φ )
Xˆ ⋅ Yˆ cos(φY − φ X ) = 12 Re( Xˆ ⋅ Yˆ e Y X ) = 12 Re Xˆ *Yˆ = 12 Re XˆYˆ ∗ .

2.6 Time average of power
A time-harmonic force being a real quantity can be considered to be of the form
F (t ) = Re Fˆe − iω t . This force excites the structure at the contact point to vibrate with velocity
v(t ) = Re[vˆe − iω t ] . The time average of the power P transmitted to the structure by this
excitation can be evaluated using Eq. (9) as ([23], [26], [31])

[

]

P=

1
T

ò

T

0

P (t )dt =

1
T

ò

T

0

)
))
)
Re Fe −i ω t Re v e −i ω t dt = 12 Re F v ∗ ,

[

] [

]

[

]

(11)

)
)
where P (t ) is the instantaneous power at time t, F is the complex amplitude of force, v is
the complex amplitude of velocity, and ω = 2 π f is the angular frequency at frequency f.
This power is only due to the product of force and velocity not including the contribution of
the product of moment and angular velocity.
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3

Mechanical impedance and mobility of
elements

3.1 Force and velocity phasors
The motion of a linear mechanical system can be expressed with differential equations in
terms of the driving force and the acceleration, velocity, or displacement of the elements of
the system. When the driving force is sinusoidal, the steady-state response is also sinusoidal at
the driving frequency with a fixed phase difference to the driving force. Because any timevarying signal may be expressed as a superposition of sinusoids, one may consider one
sinusoid at a time and then superpose the results, without loosing generality of analysis [36].
Using the rotating phasor notation the sinusoidally varying force can be presented on the
complex plane, as shown in Figure 3. The force phasor has a length or magnitude F0 and it

Im a g in a ry a x is

rotates counterclockwise with angular velocity ω making the angle ω t with the positive real
axis at time t. The real instantaneous force F0 cos ω t is the projection

v
0

F
0

f
F

w t
F
0

0

s in w t
R e a l a x is

c o s w t

Figure 3. A sinusoidal force and velocity in the complex plane.
of the force phasor on the real axis. The force F can be expressed with its real and imaginary
components as

F = F0 cos ω t + iF0 sin ω t .

(12)

It is convenient for the analysis purposes to represent the force in terms of its magnitude F0
and its phase angle ω t as
F = F0e iω t .

(13)

A sinusoidally varying velocity can also be represented as a phasor (see Figure 3). If the
velocity phasor, magnitude v0 , is rotating at the same angular velocity ω as the force phasor,
magnitude F0 , the velocity v can be represented as
v = v0 [cos(ω t + φ ) + i sin (ω t + φ )] = v0 e i (ω t +φ ) ,

(14)
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where φ is the phase angle between the force F and velocity v, and the velocity is leading the
force with angle φ. If the phase reference is force F instead of the positive real axis, then the
velocity may be given as
v = v0 e iφ .

(15)

The displacement x of a sinusoidal vibration is obtained by integrating the velocity expressed
as v = v0 e iω t , and noticing that x = ò vdt as
x=

v
iω

(16)

.

The acceleration a of a sinusoidal vibration is obtained from velocity using the relation
a = &x& = dv dt as
a = &x& = iω v .

(17)

3.2 Mechanical impedance of lumped elements
3.2.1 Mechanical impedance of resistance
Real physical systems can be modelled using idealized mechanical system elements with
lumped constants: resistance, spring, and mass [36]. A mechanical resistance is defined as a
device in which the relative velocity between its end points is proportional to the force applied
to its end points (Figure 4).

F

c
A

B
F

a

v

v
1

b

G

2

Figure 4. Ideal mechanical resistance element [36].
In an ideal resistance element the force resisting the extension or compression of the
element is viscous friction force. In (Figure 4) the relative velocity of point A relative to point
B is
v = (v1 − v 2 ) =

Fa
,
c

(18)

where the proportionality constant c is mechanical resistance (or damping constant), and Fa is
the viscous friction force acting at point A. If there is a relative velocity at point A as a result
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of force Fa acting on it, there must be a reaction force at point B of equal strength. The
velocities v1 and v 2 are measured relative to a common stationary reference point G.
When the sinusoidal force F0 e iω t (Eq. (13)) is acting on the ideal resistance element at the
point A and the point B is attached to a fixed point, then the velocity of point A is obtained
from Eq. (18) as

F0 e iω t
= v 0 e iω t .
v1 =
c

(19)

Im a g in a ry a x is

From Eq. (19) it is seen that the force and the resulted velocity phasors are rotating at the
same angular velocity ω and that they are in the same phase (see Figure 5).

v
0

=

F
c

F
0

0

w t
R e a l a x is

Figure 5. Force (magnitude F0 ) acting upon an ideal resistance results in a velocity
(magnitude v0 ) in the same phase, adapted from [36].
Using Eq. (13) and (19) one gets for the mechanical impedance of a resistance element as
Zc =

F F0 e iω t
=
=c.
F0 iω t
v
e
c

(20)

From Eq. (20) it is seen that the impedance of a resistance is equal to its damping constant c.

3.2.2 Mechanical impedance of spring
A linear spring is defined as a device for which the relative displacement between its end
points is proportional to the force acting on the spring in its main direction. The displacement
of the end points of a spring is mathematically represented as (Figure 6)

δ x = x1 − x 2 =

Fa
,
k

(21)

where k is the spring stiffness and x1 and x2 are the displacements of the end points A and B
relative to the stationary point G.
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F

A
k

B
F

a

v
1

v

G
b

2

Figure 6. An ideal spring. The force Fa is acting on the end point A causing the reaction
force Fb = Fa at point B. The spring stiffness is k, v1 and v2 are the velocities of the end
points relative to a stationary point G, adapted from [36].
If the point B is fixed, and one applies the force of Eq. (13), then the displacement of point
B is obtained from Eq. (21) as

F0eiω t
= x0eiω t .
x1 =
k

(22)

It is seen from Eq. (22) that the displacement varies sinusoidally at the same angular
frequency as the applied force and that it is in the same phase with the force. The velocity v1
of the end point A is obtained by differentiating the displacement with respect to time t, so

iω F0 e iω t
= iv 0 e iω t .
v1 = x&1 =
k

(23)

From Eq. (13) and (23) one obtains the mechanical impedance of an ideal spring as

Zk =

F0 e iω t
F
k
− ik
=
=
=
.
iω t
v iωF0 e
ω
k iω

(24)

It is seen from Eq. (24) that the impedance of an ideal spring is imaginary and depends on the
spring stiffness k and the angular frequency ω. The velocity in Eq. (23) may be written in the
form of Eq. (12) as
v1 =

ω
F0
(−ω sin ω t + iω cos ω t ) = F0ei (ω t +π
k
k

2)

.

(25)

From Eq. (25) it is seen that the velocity phasor of an ideal spring leads the force phasor by
the angle π 2 = 90° (see Figure 7). The same thing is indicated by the imaginary unit i in the

Eq. (23), because i = eiπ 2 = cos π2 + i sin π2 = 0 + i = i .

v
0

w F
k
=

Im a g in a ry a x is
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R e a l a x is

Figure 7. Force (magnitude F0 ) and velocity (magnitude v0 ) phasors at the end point of an
ideal spring, adapted from [36].

3.2.3 Mechanical impedance of mass
The mass of a rigid body can be assumed to be constant when speaking of conventional
velocities. The ideal mass is illustrated in Figure 8. Noticing that the acceleration &x& of the
rigid body is proportional to the accelerating force F, one obtains at point A
&x&1 = v&1 =

Fa
,
m

(26)

where m is the mass of the body and &x&1 = &x&2 since the body is rigid. The force Fa in Eq. (26) is
required to give the mass m the acceleration &x&1 and therefore the transmitted force Fb is zero
[36]. If the force is sinusoidal Fa = F0 e iω t , then the acceleration

F

A

B
m

a

v
1

v

F

G
b

2

Figure 8. An ideal mass, adapted from [36].

&x&1 =

F0 e iω t
,
m

(27)

is also sinusoidal and in phase with the accelerating force. The velocity x&1 of the mass is
obtained by integrating Eq. (27) as
x&1 = v =

F0 e iω t
= − iv0 e iω t .
iω m

(28)
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Dividing the force Fa = F0 e iω t by the velocity given in Eq. (28) one obtains the mechanical
impedance of the mass as
Zm =

F0 e iω t
F
=
= iω m .
v F0 e iω t / iω m

(29)

From the Eq. (29) one sees that the mechanical impedance of the mass is imaginary and
depends on the magnitude of mass and on the angular frequency. The velocity in the Eq. (28)
can be written in the form
v=

F0
F
(sin ω t − i cos ω t ) = 0 e i (ω t −π 2) .
ωm
ωm

(30)

Im a g in a ry a x is

From Eq. (30) it is seen that the phasor of the velocity is π 2 = 90° behind the force phasor
(see Figure 9), this is indicated also by -i in Eq. (28).

F
0

w t
R e a l a x is

9 0 °
v
0

=

F

w m

0

Figure 9. Force and velocity phasor of ideal mass in the complex plane, adapted from [36].
The magnitude of the mechanical impedance of ideal mass, resistance and spring as a function
of frequency is presented schematically in Figure 10.
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Figure 10. The magnitude of the mechanical impedance of ideal resistance, spring and mass,
adapted from [36].
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3.3 Mechanical mobility of lumped elements
Real structures or physical systems can be modelled using idealized mechanical elements with
lumped constants. Such elements are mechanical resistance (or damping), spring, and mass.
For these elements the mobilities are [36]:
resistance:

(31)

1
,
c

Yc =

where c is mechanical resistance with SI unit [(N ⋅ s)/m] ;
spring:

iω
,
k

Yk =

(32)

where k is spring stiffness with SI unit [N/m]; and
mass:

Ym =

1
−i
=
,
iω m ω m

(33)

where m is element mass with SI unit [kg]. The mobility magnitude as a function of frequency
of these idealized mechanical elements is presented in Figure 11.
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Figure 11. The mobility magnitudes of an ideal mechanical resistance Yc , spring Yk and
mass Ym as a function of frequency.

3.4 Impedance and mobility of connected elements
3.4.1 Impedance and mobility of parallel connected elements
The properties of mechanical systems can be analyzed using mechanical impedance or
mobility concepts. In the analysis impedance and mobility are determined at the points of
force excitation or paths for transmitting forces, or at points of common velocities [36]. In
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Figure 12 the exciting force F causes the common velocity at the connection point A, which is
common for the parallel connected spring and resistance.

k
A
F

c

B

v
Figure 12. Schematic presentation of a mechanical system consisting of a spring (spring
stiffness k) and a mechanical resistance (resistance c) connected parallel at points A and B.
The exciting force F gives a common velocity v for both elements at point A referred to the
stiff point B.
The force required to give the resistance the velocity v is obtained from Eqs. (39) and (31)
v
v
Fc =
=
.
Yc 1 c
The force required to give this same velocity for the spring is obtained from Eqs. (39) and
(32)
v
v
Fk =
=
.
Yk iω k
The total force F is the sum of parallel forces
1 ö v
æ 1
+
.
F = Fc + Fk = v ç
÷=
è 1 c iω k ø Yp
From this it is seen that the inverse of the total mobility Yp of the parallel-connected elements
is
n
1
1
=å ,
Yp i =1 Yi

(34)

where n is the number of parallel-connected elements. The total impedance Z p of parallelconnected elements can be obtained from [36]
n

Zp = å Zi ,
i =1

where n is the number of parallel-connected elements with mechanical impedances Z i .

(35)
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3.4.2 Impedance and mobility of series-connected elements
Another basic way of connecting elements is series connection, which is presented in Figure
13.

F

1

2
Y
v

v

Y

1

v

2

a

v
1

b

2

Figure 13. A system consisting of two series-connected mechanical elements with mobilities
Y1 and Y2 . The exciting force F gives relative velocities va and vb between the end
connections of each element. The velocities of the connection points 1 and 2 relative to the
stationary reference are v1 and v2 .
The velocities of the connection points 1 and 2 are:
v2 = vb and v1 = v 2 + (v1 − v 2 ) = v b + va .
The total mobility at point number 1 is Y = v1 / F , and the same force F is acting on both
elements. The relative velocities expressed with mobilities are:
va = FY1 and vb = FY2 .
So the total mobility is
v + v b FY1 + FY2
v
Y= 1 = a
=
= Y1 + Y2 .
F
F
F
The total mobility Ys of n series connected elements is thus
n

Ys = å Yi ,

(36)

i =1

where Yi is the mobility of element i.
The total impedance Z s of ideal series connected elements is obtained from
n
1
1
=å ,
Z s i =1 Z i

where n is the number of series-connected elements with mechanical impedances Z i .

(37)
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4

Impedance and mobility concepts

4.1 Generalized mechanical mobility
)
Consider a linear and time invariant system, which is excited by a force field f ⋅ exp(iω t )
)
expressed as complex force amplitude f times a harmonically varying function of time
exp(iω t ) . Owing to the system linearity the corresponding velocity field is also harmonic,
)
) )
v ⋅ exp(iω t ) , and the ratio v / f is independent of the amplitude of the exciting force [6].
When the excitation is harmonic at angular frequency ω, the generalized mechanical mobility
can be defined as the ratio between the complex amplitudes of the velocity field and the force
field as [6]

)
v (ω )
.
y (ω ) = )
f (ω )

(38)

4.2 Mechanical mobility
ISO 7626-1 [21] defines mechanical mobility Yij as: "The frequency-response function
formed by the ratio of the velocity-response phasor at point i to the excitation force phasor at
point j, with all other measurement points on the structure allowed to respond freely without
any constraints other than those constraints which represent the normal support of the
structure in its intended application." The definition is given mathematically in Eq. (39)
Yij = v i F j ,

(39)

where vi is the velocity-response phasor at point i and F j the force phasor at point j.
The velocity response can be either translational or rotational, and the excitation can be
either a rectilinear force or a moment. Frequency response function is defined as the
frequency dependent ratio of the motion-response phasor to the phasor of the excitation force
[21].
Mechanical mobility is sometimes called mechanical admittance. Likewise the complex
mobility Y can be written as
Y = G + iB ,

(40)

where the real part G is called the conductance and the imaginary part B the susceptance. The
SI unit of mechanical mobility is [m/(N ⋅ s)] .
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4.3 Driving-point and transfer mobility
Direct (mechanical) mobility or driving-point (mechanical) mobility Yii is the complex ratio
of velocity and force taken at the same point in a mechanical system during simple harmonic
motion [22]. Here point means both a location and a direction. Sometimes the term coordinate is used instead of point. Transfer mechanical mobility Yij is the complex ratio of the
velocity vi measured at the point i in the mechanical system to the force excitation F j at the
point j in the same system during simple harmonic motion [22].

4.4 Impedance
Impedance is defined as the complex ratio of a harmonic excitation of a linear system to its
response during simple harmonic vibration. Both the excitation and the response are complex
and their magnitudes increase linearly with time at the same rate [22].

4.5 Mechanical impedance
The mechanical impedance is defined in a mechanical system as the complex ratio of force to
velocity as [23], [24]
Z=

Fˆ
,
vˆ

(41)

where F̂ is the phasor of the exciting force, and v̂ is the phasor of the velocity as a response
at the excitation region. The mechanical impedance is generally a complex function of
frequency, because the force and resulting velocity vary with frequency. This general
definition is not unique, because the excitation region can be a finite area, and the velocity can
vary within this area.

4.6 Moment impedance
In practical situations the force impedance does not cover all the possibilities. Especially this
is true in the case of flexural vibrations when moments and angular velocities are of equal
importance as forces and translational velocities. The moment impedance W is defined with
the exciting moment M and the resulting angular velocity w as [23]
W =

M
.
w

(42)

The force and moment impedances are not enough to describe completely the response for
a point excitation; in general a coupling term is needed [23]. So one must consider carefully if
there is only a force or moment excitation and if any coupling terms are needed.
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4.7 Driving-point and transfer impedance
Driving-point impedance of a linear mechanical system undergoing sinusoidal vibration is
defined as the complex ratio of the exciting force to the velocity response when both are taken
at the same point [22]. Here point means both a location and a direction.
When measuring the point impedance of beam or plate structures, the diameter of the
contact area should be less than one-tenth of a flexural wavelength, and not much less than the
thickness of the structure under measurement [23].
Transfer impedance of a linear mechanical system undergoing sinusoidal vibration is
defined as the complex ratio of the exciting force to the velocity response at another point
[22]. Here point means both a location and a direction.

4.7.1 Driving-point impedances of infinite plates and beams
In Table 1 is given some impedance formulas of practical interest in noise control work. In
many practical problems these impedance formulas can be applied for finite built-up
structures when the frequency is high enough as often is when consideration is given to
structure-borne sound.
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Table 1. Driving-point impedances of infinite beams and plates [23].

4.8 Driving-point mobility
Mechanical driving-point mobility is defined as the frequency response function formed by
the ratio of the velocity response phasor at point i to the excitation force phasor at the same
point i. The velocity response can be either translational (velocity v) or rotational (angular
velocity ω = θ& , where θ is angular displacement), and the excitation force can be either a
rectilinear force F or torque T.
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4.8.1 Driving-point mobility of infinite plates and beams
The driving-point mobilities given in Table 2 apply to infinite structures in which no
resonances can occur. In real finite structures there are always reflections from discontinuities
e.g. from junctions and these usually give a resonant response. The damping in the structure
controls the magnitude of the vibration amplitudes in the resonance. Usually the largest
amplitude will occur at the first resonance frequency. So the largest error in the response will
occur at the resonance frequency if the finite structure is replaced by an equivalent infinite
structure. The driving-point mobility of a finite structure (for e-iωt notation) can be written as
[27]

[ψ n ]
v
,
= − iω å 2
2
F
N ω n (1 − iη ) − ω
2

(43)

where ω n is the real resonance angular frequency, η the hysteretic loss factor, n the mode
number, and ψ n is the amplitude of the mode shape. If the damping is small then the effect of
the off-resonance terms is small on the amplitude. For a finite structure an approximate
driving-point mobility can be written as
v [ψ n ]
=
,
F
ω nη
2

(44)

if the spacing between resonances is large [27].
If the largest peak mobility values are used when a finite structure is modelled using
mobilities of an infinite structure, then the worst case and the largest errors are obtained [27].
The ratio of the point mobility of a finite structure to the point mobility of an infinite structure
is also represented in Table 2. From this table it is seen that in practical cases a good
approximate mobility is obtained if the properties of an infinite structure is used when
estimating the properties of a finite structure.

Table 2. Properties of infinite system (notes: *, torque applied about axis parallel to l2; time dependence of form eiωt
assumed) [27].
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Table 2. Continued
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Table 2. Continued. List of symbols [27].

4.9 Mechanical free impedance and complex
impedance
The mechanical free impedance Z ij is defined as the ratio of the excitation force phasor F j at
point j to the resulting velocity response-phasor vi at point i, with all other connection points
(Here point means both a location and a direction.) of the system having zero restraining
forces
Z ij =

Fj
vi

=

1
.
Yij

(45)

Free impedance is the arithmetic reciprocal of a single element of the mobility matrix.
ISO 7626-1 [21] gives two important notes when utilizing measured or analytical
impedance data: "1) Historically, no distinction has often been made between blocked
impedance and free impedance. Caution should, therefore, be exercised in interpreting
published data. 2) While experimentally determined free impedances could be assembled into
a matrix, this matrix would be quite different from the blocked impedance matrix resulting
from mathematical modelling of the structure and, therefore, would not conform to the
requirements discussed in annex A for using mechanical impedance in an overall theoretical
analysis system."
The complex impedance Z can be written as
Z = R + iX ,

(46)

where the real part R is called the resistance and the imaginary part X the reactance. The SI
unit of the mechanical impedance is [(N ⋅ s)/m] .
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4.10 Blocked mechanical impedance
ISO 7626-1 [21] defines blocked impedance Z ij as follows: "The frequency-response
function formed by the ratio of the phasor of the blocking or driving-point force response at
point i to the phasor of the applied excitation velocity at point j, with all other measurement
points on the structure "blocked" (i.e. constrained to have zero velocity). All forces and
moments required to constrain fully all points of interest on the structure shall be measured in
order to obtain a valid blocked impedance matrix. Blocked impedance measurements (see
Cansdale, R. & al. A technique for measuring impedances of a spinning model rotor.
Technical report TR 71092, Royal Aircraft Establishment, Farnborough, United Kingdom,
May 1971) are, therefore, seldom made and are not dealt with in the various parts of ISO
7626. Notes: 1) Any changes in the number of measurement points or their location will
change the blocked impedances at all measurement points. 2) The primary usefulness of
blocked impedance is in the mathematical modelling of a structure using lumped mass,
stiffness and damping elements or finite element techniques. When combining or comparing
such mathematical models with experimental mobility data, it is necessary to convert the
analytical blocked impedance matrix into a mobility matrix, or vice versa, as discussed in
annex A."

4.11 Frequency response functions related to mobility
Other frequency-response functions, structural response ratios, which are used instead of
mobility, are shown in Table 3.
Table 3. Equivalent definitions to be used for various kinds of measured frequency response
functions related to mechanical mobility [21].
Term
Symbol
Unit
Boundary conditions
Comment
Term
Symbol
Unit
Boundary conditions
Comment
Term
Symbol
Unit

Motion expressed
as velocity
Mobility

Motion expressed
as acceleration
Accelerance

Yij = vi / F j
m/(N ⋅ s)

ai / F j

Fk = 0 ; k ≠ j

m/(N ⋅ s ) = kg
Fk = 0 ; k ≠ j
2

-1

Motion expressed
as displacement
Dynamic compliance

xi / F j
m/N

Fk = 0 ; k ≠ j

Boundary conditions are easy to achieve experimentally
Blocked impedance Blocked effective mass
Dynamic stiffness

Z ij = Fi / v j

Fi / a j

Fi / x j

(N ⋅ s)/m

(N ⋅ s 2 ) / m = kg
ak = 0 ; k ≠ j

N/m

vk = 0 ; k ≠ j

xk = 0 ; k ≠ j

Boundary conditions are very difficult or impossible to achieve
experimentally
Free impedance
Effective mass (free
Free dynamic stiffness
effective mass)

F j / vi = 1 / Yij
(N ⋅ s)/m

F j / ai

(N ⋅ s ) / m = kg
Fk = 0 ; k ≠ j
2

F j / xi
N/m

Boundary conditions

Fk = 0 ; k ≠ j

Fk = 0 ; k ≠ j

Comment

Boundary conditions are easy to achieve, but results shall be used with
great caution in system modelling
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4.12 Boundary conditions of experimentation
In experimental determination of mechanical mobility, a dynamic exciting force is applied to
the structure at one point at a time. Thus the force boundary conditions are [21]

Fk = 0 ; k ≠ j ,

(47)

where j is the point of excitation and k denotes all other points of interest. When the same
force boundary conditions are valid, measurement of the velocity response at point i and the
exciting force at j yields the ijth element of the mobility matrix [21]:
Yi j = (vi / F j ) Fk = 0 ;

k≠ j

.

(48)

These force boundary conditions can easily be achieved in practise.
Instead the elements of the impedance matrix Z are [21]:
Z i j = Fi / v j ,

(49)

vk = 0 ; k ≠ j

(50)

where the boundary conditions

are very difficult or impossible to fulfil in practice. Eqs. (49) and (50) describe
mathematically the definition of blocked impedance. These boundary conditions imply that it
is not generally possible to determine experimentally the impedance matrix. The difference
between force and velocity boundary conditions (Eqs. (47) and (50)) must be kept in mind
when using mobility and impedance data.

4.13 Mechanical mobility and impedance matrices
4.13.1 Definitions
It is assumed that linear, elastic structures are being considered, so that superposition and
normal calculation rules are valid. The set of mobility elements yij is defined as follow [30]:
vi = å y i j f j .
j

(51)

The set of impedance elements is defined as follow [30]:
f i = å zi j v j .
j

(52)
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4.13.2 Mechanical mobility matrix
Mechanical mobility is a tensor (or tensor component) which describes the effects upon the
resultant velocity of the application of a force or forces on a structure [30]. It can be presented
in the frequency domain by a matrix Eq. [30]:

V (ω ) = Y(ω )F(ω ) ,

(53)

where ω = 2π f is the angular frequency, f is frequency, F (ω ) is the column vector of
exciting forces at various points, V (ω ) is the column vector of velocity responses at the
points of interest, and Y(ω ) is symmetric tensor of mobilities yij . This matrix Eq. (53) in the
expanded form looks like

v1 = y11 f1 + y12 f 2 + y13 f 3 + L,
v2 = y 21 f1 + y 22 f 2 + y 23 f 3 + L,
v3 = y31 f1 + y32 f 2 + y33 f 3 + L,
v4 = y 41 f1 + y 42 f 2 + y 43 f 3 + L, etc.

(54)

The term y i j f j defines a velocity at point i caused by a force acting at a point j. If this
velocity is noted by vi j , then [30]
vi = å vi j .
j

(55)

It is seen from this equation that the mobility is a concept that sums velocity response [30].
The elements of the matrix Y can be measured by applying the forces one at a time to each
point of interest allowing the structure to response as it chooses, and the individual elements
are obtained as the complex ratio of the particular velocity response to the single exciting
force. If for example only the force f 2 is applied, then Eq. (54) would reduce to the set [30]
v12 = y12 f 2,
v22 = y 22 f 2,

(56)

v32 = y32 f 2,

and so on, since f k = 0, k ≠ 2 . Then the element y12 is the obtained as the complex ratio
y12 = v12 / f 2 , etc.
(57)
The reciprocity theorems of vibrations hold, and thus yi j = y j i [30].
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4.13.3 Impedance matrix
Impedance is a tensor (or tensor component) which describes the effects upon the resultant
force (or several forces) of the application of a velocity or velocities on the structure. [30].
This can be represented by the matrix equation
F(ω ) = Z(ω ) V (ω ) ,

(58)

where ω = 2π f is the angular frequency, f is frequency, F (ω ) is the column vector of
resultant forces f i , V (ω ) is the column vector of applied velocities v j , and Z(ω ) is
symmetric tensor of impedances z ij . This matrix equation can be expanded as follow [30]

f 1 = z11v1 + z12 v 2 + z13 v3 + L,
f 2 = z 21v1 + z 22 v 2 + z 23 v3 + L,
f 3 = z 31v1 + z 32 v 2 + z 33 v3 + L,
f 4 = z 41v1 + z 42 v 2 + z 43 v3 + L, etc.

(59)

The term z i j v j defines a force at the point i caused by an applied velocity at the point j. If
this force is called f i j , then
fi = å fi j .
j

(60)

From Eq. (60) it is seen, that impedance is a concept that sums force response [30].
When determining the elements of impedance matrix Z the velocities are applied one at a
time to each point of interest, the structure is not allowed to response freely, instead it is
constrained to have zero velocity at the points where other velocities will be applied, and the
individual elements are obtained as the complex ratio of the particular force response to the
single exiting velocity [30]. Consider an example were only the velocity v 2 is applied on the
structure at the point 2 then the Eq. (59) will reduce to the set
f 12 = z12 v 2 ,
f 22 = z 22 v 2 ,

(61)

f 32 = z 32 v 2 ,

and so on, since v k = 0, k ≠ 2 . In this case f j 2 ( j ≠ 2) is the blocking (constraining) force at
the point j, when the structure is excited by a velocity at the point 2, which is necessary to
constrain the velocity at the point j to zero, and f 22 is the force which results from the
excitation motion at the point 2 [30]. The element of the impedance matrix is obtained from

z j 2 = f j 2 / v2 .

(62)

According to reciprocity z i j = z j i [30]. From Eqs. (53) and (58) it is easily seen that

Z = Y − 1 . According to matrix calculation the individual elements of impedance matrix are
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not the arithmetic reciprocals of the elements of the mobility matrix, and vice versa, that is
z i k ≠ y i−k1 except in the trivial case of only one point [30].
Notice that the point means the location and the corresponding direction. If in a system the
number of points is N, then the order of vectors is N and the order of matrices is N x N. The
concept of immittance (impedance or admittance) and transmission matrices in the context of
the vibration of mechanical systems is discussed in [33]. The mobilities on the contrary to the
impedances of a given structure do not interdepend upon both the location and number of
points of interest [30]. Mobilities describe invariant characteristics of the whole structure;
instead impedances describe only substructures. During the mobility measurements the
observations made anywhere on the system do not affect each other. Thus the mobility
element y i j remains the same although measurements are made at other points. Instead the
impedance elements depend upon the number of observation points and the set of blocking
forces used. So the impedance elements cannot be considered as invariant characteristics of
the structure [30].
In some applications a complete mobility matrix has to be measured for the description of
the dynamic characteristics of a structure. So translational forces and motions along three
mutually perpendicular axes as well as moments and rotational motions may be required to be
measured depending on the applications. These measurements result in a 6 x 6 mobility
matrix for each measurement location. For N measurement locations this means a full 6N x
6N mobility matrix.
However, in practice only seldom the full mobility matrix needs to be measured. Usually it
suffices to measure only the driving-point mobility in the excitation location and a few
transfer mobilities in locations of interest on the structure. Sometimes the dynamics of the
system needs to be determined only in one co-ordinate direction, e.g., in vertical direction.
Also in many practical engineering applications the influence of rotational motions and
moments is negligible.

5

Effective mobility

5.1 Definitions
The elements of the mobility matrix are independent of the number of contact points. This is
advantageous in practical analysis of the dynamical behaviour of structures. The mobility can
be defined generally as [30], [37]
km
ij

Y

vik
= m,
Fj

k , m = 1, 2, L , N ; i, j = 1, 2, L , 6 ,

(63)

where F jm is the complex force applied in the direction j on an area m which is assumed to be
small compared with the wavelength, and vik is the complex spatially averaged velocity of
another point k in the direction i due to that force. If the system considered consists of passive
and linear elements, the reciprocity principle is valid and the mobility matrix is symmetric. In
this case the indices of the elements can be transposed, if sub- and superscripts are transposed
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simultaneously [37]. If the subscripts are omitted, the general definition of the mobility for
each direction is [37]
Y

km

(64)

vk
= m ,
F

where, for k = m , the mobility is called the point mobility of point k and for k ≠ m , the
mobility is called the transfer mobility from point k to point m.
The magnitude of a typical ordinary point mobility peaks at resonance frequencies (see
Figure 14). Minima instead are observed at frequencies where the response is formed by a
destructive interference of a couple of vibration modes whose eigenfrequencies are near each
other.

Figure 14. Plot of a typical, ordinary point mobility [37].

If the structure is excited by a force with complex amplitude F̂ in one point giving the
structure in this same point a velocity in the same direction with complex amplitude v̂ , then
the structure-borne input sound power P, which is a real quantity, is obtained from [23]

[

]

)
P = 12 Re Fˆ v ∗ .

(65)

Using the definition of point mobility and taking into account that Y ∗ = vˆ ∗ / Fˆ ∗ , the power
can be expressed as
P=

1
2

Fˆ

2

Re [ Y ] =

1
2

vˆ

2

Y

2

Re [ Y ] .

(66)

When the structure is excited simultaneously in N points, the power injected in each point
n can be calculated separately, if the contributions from other points are taken into account
properly. This can be done using the general mobility as
ù
é ∗ N
P n = 12 Re ê F n å Y n k F k ú
û
ë
k =1

and the total power from all points is

(67)
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N
ù
é ∗ N
P n = 12 Reå ê F n å Y n k F k ú .
û
n =1 ë
k =1

(68)

5.1.1 Effective point mobility
Let us consider a system with N contact points between the source of structure-borne sound
and the receiving structure sketched in Figure 15. Then the transmitted power into the nth
contact point can be calculated from [37]

Figure 15. An example of a multi-point coupled structure-borne sound source and receiving
structure [37].

[

∗

]

P n (ω ) = 12 Re F n (ω )v n (ω ) ,

(69)

∗

where F n is the complex force and v n is the complex conjugate of the velocity at the same
contact point n.
Considering at the kth contact point the velocity response, which is caused by the forces
acting at all N contact points, the actual velocity v k is obtained using the transfer mobilities
Y kn from point n to k as
v k = Y k1 F 1 + Y k 2 F 2 + L + Y kk F k + L + Y kN F N

(70)

the effective point mobility can be defined as [37], [40]
æ N 6
ö
YiinnΣ = çç åå Yijnk F jk ÷÷ Fi n = vin Fi n ,
è k =1 j =1
ø

(71)

where the superscript Σ means that contributions from all contact points are within the
summation. Remember that the mobility is a concept, which sums (see Eq. (55)) velocity
response [30]. In the Eq. (71) Y nk is the general mobility element when F k is the complex
force acting at point k and velocity is measured at point n. So the effective mobility gives the
ratio of the total velocity due to all applied forces to the force acting at the same point n.
The power transmitted through the nth connection point is [37]
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Pn =

1
2

F n Re[Y nnΣ ] .

(72)

2

The effective impedance is defined analogously as [37]
(73)

ö
æ N
Z nnΣ = ç å Z kn v k ÷ v n = F n v n
ø
è k =1

and using the effective impedance the power is obtained from [37]
Pn =

1
2

v n Re[Z nnΣ ] .

(74)

2

It should be noted that for effective mobility and impedance matrix elements [37]
(75)

Y nnΣ = 1 Z nnΣ ,

whereas for ordinary mobility and impedance matrix elements this relationship does not hold.
The negative real part of the effective mobility means that the energy is flowing from the
receiver to the source at that contact point [37]. It can be shown [39] that the real part of the
effective mobility can be calculated from
Re[Y

nnΣ

éN
ù
kn jϕ F kn ú
ê
] = Re[Y ] + Re êå Y e ú ≈ Re[Y nn ],
k =1
ëk ≠n
û

(76)

nn

which means that the real part of the ordinary mobility can be used. So the structure-borne
sound power through the nth contact point is obtained from [37]
Pn ≈

1
2

[ ]

2

F n Re Y nn =

1
2

vn

2

[ ]

Re Y nn

Y nnΣ

2

.

(77)

The magnitude of the effective mobility Y nnΣ can be estimated in two important cases as
[37]
nk
(a) When the magnitudes Y nk are approximately alike and the phase angles of Y are
randomly distributed and furthermore
Y nk ≈ Y nn for all n ≠ k ,

(78)

Y nnΣ ≈ N ⋅ Y nn .

(79)

then

(b) When the following inequality holds
Y nk << Y nn

for all n ≠ k ,

(80)

then the magnitude is obtained from
Y nnΣ ≈ Y nn .

(81)
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5.1.2 Effective total mobility
The power transmitted through all the contact points can be treated formally like in a single
contact point case. In doing so one needs the effective force defined as [37]
(82)

v~ 2 ,

F EFF = S

where S is the total, transmitted, complex power and v~ 2

is the spatially averaged mean

square velocity. Analogously to the one contact point case the effective total mobility can be
defined as [37]
Y EFF =

v~ 2

F EFF = v~ 2 S .

(83)

If the source and receiver are connected by N similar vibration isolators and the vibrations
are approximately uncoupled between different directions of motion, then the effective
mobility of the receiver can be obtained from [37]
éæ kk vSk
kk ö ù ~ k 2
å
êçç Z 21 v k + Z 22 ÷÷ ú (v R ) ,
k =1 ëè
øû
R
N

YREFF = v~R2

(84)

where v~R2 is the average mean square velocity of the receiver, Z 21kk is the transfer impedance
of one single isolator, Z 22kk is the input impedance of one isolator seen from the receiver side,
vSk and v Rk are the complex vibration velocities of the source and receiving structure at the
contact point k, respectively. If the overall effective mobility is developed for the source then
Z 22 is replaced by Z 11 for the isolators and Z 12 = Z 21 due to reciprocity.
Using the effective total mobility the power transmitted to the receiver is obtained from
[37]
2
(85)
P = Re Y EFF v~ 2
Y EFF .
R

{ [

R

]

R

}

R

kk k
vS / v Rk ) in Eq. (84), the
If the input impedance Z 22kk is small compared to the other term ( Z 21
total power can be approximated by [37]
N

[

]

PR ≈ å Re Z 21kk vSk / v Rk (v~Rk ) 2 .
k =1

(86)

This approximation is valid when the transfer impedance of the isolator is much smaller than
the effective point impedance of the receiving structure [37]. A similar result for the
transmitted power is obtained using the effective point impedance, which is obtained from
[37]
(87)
Z RkkΣ ≈ Z 21kk vSk / v Rk .
Notice that the effective mobilities are not invariant quantities of the structure. The
effective point mobility of any point depends on what other points are considered in the
analysis and on the force distribution in that particular case [37].
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5.1.3 Measurement of effective mobility
Petersson and Plunt [37], [38] examined theoretically and in the laboratory both the effective
point mobility and effective overall mobility. The determination of the effective point
mobility was made attaching an accelerometer at one position and exciting the structure with
a hammer stroke at this point and the other points sequentially. The force in the stroke area of
the hammer was measured using a force transducer. At least ten samples of each transfer
function were averaged. This method was applied when the point and transfer mobilities were
measured. Thereafter the effective point mobility was calculated from Eq. (71) assuming that
the forces had equal magnitude at each point. During the measurements the structure was
loaded neither by the equipment nor by the experimenter.
The measurement arrangement used during the determination of the effective mobility is
sketched in Figure 16. In these test a number of vibration isolators was thoroughly tested and
matched with respect their impedance characteristics. The cylindrical

Figure 16. Principal sketch showing the experimental arrangements for the investigations of
the effective overall mobility [37].
isolators were glued to the measuring object and screwed to the specially designed I-beam
above them. The beam was excited using a vibrator via a steel rod that was attached nearly at
the end of the beam. The velocities and their phase were measured above and below of each
isolator representing a contact point. The overall effective mobility was calculated using Eq.
(84). In this equation the impedance characteristics of the isolators are needed in addition to
the measured velocities and their phase angle information.
Petersson and Plunt used a stiffened steel deck mock-up (see Figure 17) and a homogenous
concrete plate as test objects.

Figure 17. Sketch of the stiffened steel deck showing the dimensions (mm), the frame spacing
and the measurement positions, [37].
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Figure 18. Comparison of point mobility and effective point mobilities for a frame-stiffened
steel deck.
effective point mobility for a point on a subplate.
Point mobility, and
Point mobility, and
effective point mobility for a point at a stiffener [37].
In Figure 18 are seen the ordinary point mobility and the effective point mobility of a point
on one of the subpanels of the steel deck shown in Figure 17 compared with that at one point
on a stiffener. The point mobility of the point on a stiffener is much lower than for a point on
a subpanel. The difference between ordinary and effective mobility levels is rather small for a
point on a subpanel. This means that the vibration levels are mainly affected by interactions
between points on the same subpanel. In Figure 19 typical transfer mobilities and the ordinary
point mobilities for a frame-stiffened steel deck are compared in some points on a subplate
and on a stiffener. In Figure 20 Petersson and Plunt give an example of the magnitude of the
effective overall mobility of the steel deck and of the concrete plate.

Figure 19. Comparison of typical point and transfer mobilities for a frame-stiffened steel
Point mobility for a point on a subplate,
point mobility for a point at a
deck.
stiffener,
transfer mobility between two points on the same subplate,
transfer
mobility between two points on either side of a stiffener [37].
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Figure 20.
plate [37].

Effective overall mobility level for a stiffened steel deck and

a concrete

Petersson and Plunt investigated typical relations between magnitudes of point and transfer
mobilities making measurements of a large diesel generator (see Figure 21) and a ship
structure (see Figure 22) [38]. The double-bottom structure under measurements was the
foundation structure on board a ship for the same type of diesel generator set. The
measurement method was described in [37], [39]. They observed from measurements on ship
foundation models that the ordinary point mobility seems to be determined by the static
stiffness of the excited substructure when the frequency is below the first resonance frequency
of this structure. Above the first resonance frequency the effect of the characteristic mobility
is seen. Then the ordinary point mobility is the mobility of the corresponding infinite system
added with the effect of resonances.

Figure 21. Sketch showing the diesel generator. Examples of measurement and excitation
positions are marked by

and

respectively [38].
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Figure 22. Sketch showing the double-bottom structure. Examples of measurements and
excitation positions are marked by and x respectively [38].

Figure 23. Examples of the ordinary point mobility for the diesel generator baseplate,
measured in the vertical direction [38].
In Figure 23 are shown some measured point mobilities in the vertical direction for the
diesel generator baseplate in one-third octave bands with centre frequencies from 50 Hz to
3 200 Hz. From this Figure it can be noticed that the curve resembles the behaviour of a
stiffness-controlled system in the frequency range from 50 Hz to 500 Hz [38]. After the first
natural frequency of the subplates between the vertical stiffeners and upwards the resonant
subplate response is observed in the mobility curve [38].
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Figure 24.
, ....,
Comparison of transfer mobilities and
an ordinary point
mobility, measured in the vertical direction on a diesel generator baseplate [38].
Above the frequency 50 Hz the typical transfer mobilites are lower than the ordinary point
mobility, see Figure 24. The difference is large in the frequency range where the mobility
curve is dominated by the stiffness of the subplate excited [38]. In the frequency region where
the subplates resonate the transfer and ordinary mobilities are almost of the same magnitude.
For the double-bottom structure the comparison of typical transfer mobilities and point
mobility is given in Figure 25. It is seen that the transfer mobilities are much smaller than the
ordinary point mobility in magnitude. The measurement results that Petersson and Plunt
obtained for a diesel generator baseplate and for the double-bottom show that the transfer
mobilities between contact points are smaller than ordinary point mobilities if the contact
points are separated at least by one stiffener between them [38].

Figure 25.
,
, .... Comparison of transfer mobilities and
ordinary point mobility,
measured in the vertical direction on the bedplate of a diesel engine foundation [38].

5.2 Applications of mechanical mobility measurements
Applications were mobility measurements are used include [21]: a) prediction of the dynamic
response of structures to known or assumed input excitation; b) determination of the modal
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properties of a structure, e.g., natural frequencies, mode shapes and damping ratios; c)
prediction of the dynamic interaction of interconnected structures; d) checking of the validity
and improvement of the accuracy of mathematical models; and e) determination of dynamic
properties, e.g., the complex modulus of elasticity of materials.

6

Analysis of mechanical systems

6.1 Impedance and mobility of a system of elements
The mechanical impedance or mobility of a system of connected elements at a point of
interest can be calculated using Eqs. (34) through (37) and the properties of ideal mechanical
elements presented in Table 4. Generally this results in a complex impedance or mobility
function which represents an equivalent system for the original system of connected elements.
This equivalent system has same dynamic characteristics as the original system. According to
Eq. (35) complex impedance represents parallel-connected elements from which the real part
represents a purely resistive element and the imaginary part a purely reactive element. A
complex mobility represents according to Eq. (36) series connected elements from which the
real part represents a purely resistive element and the imaginary part a purely reactive
element. These two elements of an equivalent system need not to be the ideal resistance,
spring or mass. For instance the resistance may vary with frequency and the reactance may
behave springlike, masslike or even be zero depending on frequency. The characteristics of
real physical elements may be nonlinear and all elements have some mass, and at very high
frequencies when the wavelength becomes comparable with the element dimensions the wave
phenomena may arise [36].
Table 4. Impedance and mobility of ideal lumped elements, parallel and series connected
elements.
Ideal mechanical element
Impedance
Mobility
or system
[(N.s)/m]
[m/(N.s)]
mass
1
−i
=
iω m
iω m ω m
resistance
c
1/c
iω
k

spring

k
− ik
=
ω
iω

parallel connected elements

Zp = å Zi

n
1
1
=å
Yp i =1 Yi

n
1
1
=å
Z s i =1 Z i

Ys = å Yi

n

i =1

series connected elements

n

i =1
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6.2 Kirchhoff´s Laws
Kirchhoff´s Laws:
1) The sum of all the forces Fi which act at a connection point of elements is zero
n

åF

i

= 0.

(88)

i

2) The sum of the relative velocities vi around a closed loop of series-connected elements is
zero
n

åv

i

= 0.

(89)

i

6.3 Superposition theorem
Superposition theorem: The response at a point of a mechanical system formed by linear
bilateral elements can be calculated summing the response to each vibration source at a time
when the other sources are not supplying energy but they are taken into account by their
internal impedances in the mechanical system.
The superposition method is applicable for instance when there are several vibration
sources in a system to be analyzed.

6.4 Reciprocity theorem
Reciprocity theorem in acoustics may be stated as follows [23, p. 550]: "If a force F1 that
acts at a point P1 produces a velocity v12 at point P2 , then this same force ( F1 = F2 ) acting at
the point P2 will produce at point P1 the velocity v 21 = v12 . Thus, the ratio of the exciting
force to the observed velocity remains the same if the excitation and observation points are
interchanged, provided also that the direction in which the force acts in each case is the same
as that in which the velocity is measured in the other case." Reciprocal measurements can be
used e.g. for the measurement of transfer functions in linear mechano-acoustical systems [25].

6.5 Thévenin´s equivalent circuit
Thévenin´s equivalent circuit: A mechanical circuit formed by linear bilateral elements,
which contains vibrational force sources and which produces an output to a load impedance at
some attachment point at any particular frequency, can be replaced at that frequency by a
single constant frequency vibrational force source Fc in parallel with the internal impedance
Z i of the circuit connected to the load [36].
The force Fc , called clamped force, represents the transmitted force by the attachment
point when it is connected to an infinitely rigid structure (see Figure 26) [36]. The internal
impedance Z i of the circuit can be determined from the circuit when the force source is
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removed from it. When there is no load at the attachment point, then the free velocity vf can
be measured and vf = Fc / Z i .
When the point b is attached to a rigid structure, there is no motion at the impedance Z 3 ,
which is why it is omitted in the Figure 26 b). The impedances Z1 and Z 2 are connected in
parallel in the Figure 26 b) and their total impedance is obtained from Eq. (35). Using the
Kirchhoff´s first law which states that the sum of the node forces is zero one obtains at the
point a that the force F = va ( Z 1 + Z 2 ) . So the velocity va = F /( Z 1 + Z 2 ) and the clamped
force transmitted by point b is Fc = va Z 2 = FZ 2 /( Z 1 + Z 2 ) . The internal impedance of the
circuit seen at the point b in Figure 26 c) is calculated using Eqs. (35) and (37) as
1
. Thus the parameters needed for the Thévenin´s equivalent circuit
Zi = Z3 +
1 Z1 + 1 Z 2
given in Figure 26 d) are determined using the known values of impedances and force.

F
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F
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v
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F
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f)
Figure 26. A circuit formed by mechanical elements: a) element impedances Z1 , Z 2 , and Z 3
including vibrational force source F and the connection point b for a load impedance Z L , b)
Fc is the constant force transmitted to a rigid immovable structure when the point b is
clamped to it, c) the circuit for the determination of the internal impedance Z i of the
Thévenin´s equivalent circuit when the force source F is removed from the original circuit
described in a), d) the Thévenin´s equivalent circuit, e) the Thévenin´s equivalent circuit
exerting the force Fb and velocity v b to a load impedance Z L , and f) the Norton´s equivalent
circuit comprising of a velocity source vf in series with an internal impedance Z i is
connected to a load impedance Z L at the point b exerting the force Fb and generating the
velocity v b , adapted from [36].

When the load impedance Z L is connected to the circuit at the point b (see Figure 26 e))
the velocity v b and the force Fb exerted to the load impedance can be calculated as follows:
using the Kirchhoff´s first law which states that the sum of the node forces is zero one obtains
at the point b Fc = v b ( Z i + Z L ) . And solving for velocity one obtains
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vb =

Fc
.
Zi + ZL

(90)

The force at the point b is then Fb = v b Z L or
Fb =

Fc Z L
= Fc − Z i v b .
Zi + Z L

(91)

The force and velocity at point b can be calculated for any load impedance Z L from Eqs. (90)
and (91).

6.6 Norton´s equivalent circuit
A mechanical system of linear and bilateral elements containing vibration sources and an
output connection for load impedance can be analyzed using Norton´s equivalent circuit. At
any particular frequency this replaces the circuit of mechanical elements by a single constantvelocity vibration source vf in series with internal impedance Z i . Norton´s equivalent circuit
is the counterpart of the Thévenin´s equivalent circuit. It depends on the system to be
analyzed which of these is easier to apply, the series equivalent or the parallel equivalent
representation of source and internal impedance. The clamped force used in the Thévenin´s
equivalent circuit is obtained easily from the free velocity and the internal impedance as
Fc = v f Z i .
For the mechanical circuit presented in Figure 26 a) the Norton´s equivalent circuit can be
determined as follows: The free velocity vf needed at the load connection point b can be
determined with the aid of Figure 26 a) applying the Kirchhoff´s first law at the points a and b
and denoting v b = vf , then
F = ( Z 1 + Z 2 )v a − Z 2 v f ,
0 = − Z 2 v a + ( Z 2 + Z 3 )v f .
These equations are solved for vf
FZ 2
.
Z1 Z 2 + Z1 Z 3 + Z 2 Z 3
The internal impedance of the circuit seen at the point b in Figure 26 c) is calculated using
1
. Figure 26 f) shows the Norton´s equivalent
Eqs. (35) and (37) as Z i = Z 3 +
1 Z1 + 1 Z 2
circuit connected to the load impedance Z L at the point b. The elements are connected in
series and transmit the same force Fb which is obtained with the mobility or impedance of
elements using Eq. (36) for the series connected mobilities as
vf =

Fb =

vf
vf
v ZZ
=
= f i L .
Yi + YL 1 Z i + 1 Z L Z i + Z L

The velocity at the point b is obtained from

(92)
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(93)

Fb
v Z
vY
= f i = f L .
Z L Z i + Z L Yi + YL

vb =

So the force and velocity at the connection point b can be determined for any load mobility
YL (load impedance Z L ) in terms of the constant free velocity vf and the internal mobility Yi
(impedance Z i ) from the Norton´s equivalent circuit as shown above.

6.7 Analysis methods
As a result of an analysis of a mechanical system using impedance methods one obtains the
forces acting on the elements forming the system and the velocities of their connection points.
Many other quantities can be derived from these quantities e.g. displacement and acceleration
of a sinusoidal vibration [36].
Kirchhoff´s force law at a point Eq. (88) allows one to write down simultaneous equations
for the determination of all forces and velocities in a system of mechanical elements. Usually
this is made for each connection point of elements (force node) in terms of impedances and
velocities. At a connection point of elements there is a same velocity compared to a stationary
reference point.
Instead the Kirchhoff´s velocity law around a loop Eq. (89) allows one to write down
velocity equations for each independent mechanical circuit loop in terms of forces and
mobilities. This method can be applied in the analysis of series-connected elements.

6.8 Example of analysis
The general laws of circuit analysis are applied in a practical example to see how they work in
practise. Determine the velocities of all the connection points and the forces, which act on the
elements in the system of Figure 27. There are two velocity sources v1 and v6 of known
strength operating at the same frequency but in opposite phase.
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Figure 27. A mechanical system with two vibration sources v1 and v6 of known strength
operating at the same frequency but in the opposite phase and seven impedances Z 1 ... Z 7
[36].
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Solutions (see [36]):
A: Using Kirchhoff´s force law (Eq. (88) let us first write down a force equilibrium
equation at each connection point except at points a and e.
At the point b: F1 − F2 − F3 = 0 . This can be expressed with the aid of velocities and
impedances remembering that relative velocity over the ends of an element times impedance
is force ( v rel Z = F ) as
(v1 − v 2 ) Z 1 − (v 2 − v3 ) Z 2 − (v 2 − v 4 ) Z 4 = 0 .

(a)

At the point c: at the connection point of two series elements the same force is acting on both
elements, thus F2 − F2 = 0 . With the aid of velocities and impedances one gets
(v 2 − v 3 ) Z 2 − (v 3 − v 4 ) Z 3 = 0 .

(b)

At the point d: F2 + F3 − F4 − F5 = 0 . With the aid of velocities and impedances and noting
that v6 is (+) because there is a 180º phase difference compared to v1 one gets
(v 3 − v 4 ) Z 3 + (v 2 − v 4 ) Z 4 − ( v 4 + v 6 ) Z 5 − (v 4 − v 5 ) Z 6 = 0 .

(c)

At the point f: F5 − F5 = 0 . With the aid of velocities and impedances one obtains
(v 4 − v 5 ) Z 6 − v 5 Z 7 = 0 .

(d)

From the above four equations the four unknown velocities v 2 , v3 , v 4 , and v5 can be solved.
With the obtained velocities the forces are calculated from
F1 = (v1 − v 2 ) Z 1
F3 = (v 2 − v 4 ) Z 4
F5 = (v 4 − v5 ) Z 6 = v5 Z 7

F2 = (v 2 − v3 ) Z 2 = (v3 − v 4 ) Z 3
F4 = (v 4 + v6 ) Z 5

B: The method of node forces, rule: At each connection point with a common velocity
(force node), equate the force generators to the sum of the impedances connected to that node
multiplied by the velocity of that node minus the impedances multiplied by the velocities of
their other connection points. Using this rule the equations of solution A can be rewritten in
the form (see Figure 27)
v1 Z 1 = ( Z 1 + Z 2 + Z 4 )v 2 − Z 2 v3 − Z 4 v 4 .

(a´)

0 = − Z 2 v 2 + ( Z 2 + Z 3 )v3 − Z 3 v 4 .

(b´)

− v 6 Z 5 = − Z 4 v 2 − Z 3 v 3 + ( Z 3 + Z 4 + Z 5 + Z 6 )v 4 − Z 6 v5 .

(c´)

0 = − Z 6 v 4 + ( Z 6 + Z 7 )v 5 .

(d´)

C: Using Kirchhoff´s law (89) for loop velocities to be zero one can write a velocity
equation in terms of forces and velocities around a closed loop. One needs as many loops as
there are unknowns to be solved. From Figure 27 one sees that
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F3 = F1 − F2 and F5 = F1 − F4 .
Loop (1) equation:
F2 (Y2 + Y3 ) − ( F1 − F2 )Y4 = 0 .

(e)

The minus sign of the second term takes into account that the loop goes across element 4 in a
direction opposing the direction of the force direction shown in the Figure 27.
Loop (2) equation:
F4Y5 − v6 − ( F1 − F4 )(Y6 + Y7 ) = 0 .

(f)

Loop from A to B along the upper branch: Notice that the velocities are relative velocities
( v = FY ) across the elements, thus the first term is (0 − v1 ) and the last one − (v1 − 0) owing
to the sign rule
(0 − v1 ) + F1Y1 + F2 (Y2 + Y3 ) + F4Y5 − (v 6 − 0) = 0 .

(g)

Solving the Eqs. (e), (f), and (g) one obtains the unknown forces F1 , F2 , and F4 . The other
forces are obtained from F3 = F1 − F2 , and F5 = F1 − F4 . The velocities are obtained from
v 2 = v1 − F1Y1 ,

v3 = v 2 − F2Y2 ,

v 4 = v 2 − F3Y4 ,

and v5 = F5Y7 .

A numerical example: calculate the velocities and forces in the previous example using the
values without SI units: v1 = 1, v6 = 2; Z1 = 1, Z2 = 2, Z3 = 3, Z4 = 4, Z5 = 5, Z6 = 6, and Z7 = 7.
Solution:
A: After inserting the values given into the Eqs. (a), (b), (c), and (d) one obtains four
simultaneous equations
é − 7v 2
ê 2v
ê 2
ê 4v 2
ê
ë 0

2v3
− 5v3
3v3
0

4v 4
3v 4
− 18v 4
6v 4

0 ù é− 7 2
4
0 ù ìv 2 ü ì− 1ü
ú
ê
0 ú ê 2 −5 3
0 úú ïïv3 ïï ïï 0 ïï
=
í ý=í ý
6v5 ú ê 4
3 − 18 6 ú ïv 4 ï ï10 ï
ú ê
ú
− 13v5 û ë 0
− 13û ïîv5 ïþ ïî 0 ïþ
0
6

Þ

ìv 2 ü ì− 0,686ü
ïv ï ï − 0,88 ï
ï
ï 3ï ï
ý.
í ý=í
ïv 4 ï ï − 1,01 ï
ïîv5 ïþ ïî− 0,466ïþ

Notice that the impedance matrix is symmetric about the main diagonal. As the impedance
matrix is always symmetric, this serves as a useful check for the correctness of the equations.
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B: Inserting the given values to Eqs. (a'), (b'), (c'), and (d') one obtains
é 7v 2
ê − 2v
2
ê
ê − 4v 2
ê
ë 0

− 2v 3
5v3
− 3v3
0

− 4v 4
− 3v 4
18v 4
− 6v 4

0 ù é 7 − 2 − 4 0 ù ìv 2 ü ì 1 ü
0 úú êê− 2 5 − 3 0 úú ïïv3 ïï ïï 0 ïï
=
í ý=í
ý
− 6v5 ú ê− 4 − 3 18 − 6ú ïv 4 ï ï− 10ï
ú ê
ú
13v5 û ë 0
0 − 6 13 û ïîv5 ïþ ïî 0 ïþ

Þ

ìv 2 ü ì− 0,686ü
ïv ï ï − 0,88 ï
ï
ï 3ï ï
ý.
í ý=í
ïv 4 ï ï − 1,01 ï
ïîv5 ïþ ïî− 0,466ïþ

C:
é − 0,25F1 1,0833F2
ê− 0,3095F
0
1
ê
êë
0,833F2
F1

0 ù ì F1 ü ì0ü
ù é − 0,25 1,0833
ï ï ï ï
0,5095F4 úú = êê− 0,3095
0
0,5095úú í F2 ý = í2ý
0,2 F4 úû êë 1
0,833
0,2 úû ïî F4 ïþ ïî3ïþ
0

Þ

ì F1 ü ì1,686 ü
ï ï ï
ï
í F2 ý = í0,389ý .
ï F ï ï4,949ï
î 4þ î
þ

and the other forces are obtained from:
F3 = F1 − F2 = 1,686 − 0,389 = 1,297
F5 = F1 − F4 = 1,686 − 4,9949 = −3,263 .
The velocities can be calculated with the solved forces and known mobilities (1/Z):
v1 = 1 was known
v 2 = v1 − F1Y1 = 1 − 1,686 ⋅ (1 / 1) = −0,686
v3 = v 2 − F2Y2 = −0,686 − 0.389 ⋅ (1 / 2) = −0,881
v 4 = v 2 − F3Y4 = v 2 − ( F1 − F2 )Y4 = −0,686 − (1,686 − 0,389)(1 / 4) = −1,01
v5 = F5Y7 = −3,263 ⋅ (1 / 7) = −0,466
v6 = 2 was known.
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7

Impedance and mobility parameters

7.1 Impedance parameters
In a generalized two-connection system shown in Figure 28 a force F1 is applied to excite the
input and as a result a velocity v1 is obtained. The ratio F1 / v1 is called the input impedance.
If instead a force F2 is applied to excite the output, then a velocity v 2 results. The ratio
F2 / v 2 is called the output impedance. When the force F1 is applied to the input and the
output velocity v 2 results, then the ratio F1 / v 2 is the reverse transfer impedance. When the
force F2 is applied to excite the output and the velocity v1 results, then the ratio F2 / v1 is
called the forward transfer impedance. These definitions can be

v

F

v
1

2

S y s te m
1

In p u t

F
2

O u tp u t

Figure 28. Generalized two-connection system [36].
applied to get the impedance parameters [36]:
Z 11 =

F1
,
v1 v =0
2

(94)

where Z 11 is the input impedance under the condition v 2 = 0 meaning that the output is
clamped (or blocked), i.e., connected to a rigid point. Similarly one gets the output impedance
Z 22 =

F2
.
v 2 v =0
1

(95)

F1
,
v 2 v =0
1

(96)

The reverse transfer impedance Z 12 is
Z 12 =

where the input is clamped and F1 is the force required to keep the input velocity v1 = 0 . The
forward transfer impedance Z 21 is
Z 21 =

F2
,
v1 v =0
2

(97)
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where the output is clamped and F2 is the force required to keep the output velocity v 2 = 0 .
A two connection passive system can be represented by a black box, which is attached to
an inertial reference (see Figure 29). If the elements in this system are linear and bilateral,
then the relationship between the forces and velocities at the connection points

v f¢
Y

v

v
f

i

F

v
1

1

B la c k b o x
s y s te m

F

2

Y
L

2

Figure 29. A mechanical system described as a black box, which has two connections and
which is attached to an inertial reference. The vibration source is presented by a Norton
equivalent system having free velocity vf and internal mobility Yi . The load is presented by
its mobility YL . The forces and velocities at connection points 1 and 2 are noted by F1 , v1 and
F2 , v 2 , respectively [35].
1 and 2 can be expressed as [36]:
F1 = Z 11v1 + Z 12 v 2 ,

(98)

F2 = Z 21v1 + Z 22 v 2 ,

(99)

where the Z ii 's are the impedance parameters. When the forces and the impedance parameters
are known, the velocities can be obtained by solving Eqs. (98) and (99).

7.2 Mobility parameters
The mobilities of a generalized system shown in Figure 28 are [36]:
The input mobility Y11 is
Y11 =

v1
,
F1 F =0
2

(100)

where the output is free without no restraining force, i.e., F2 = 0 .
The output mobility Y22 is
Y22 =

v2
,
F2 F =0
1

(101)
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where the input is free without no restraining force, i.e., F1 = 0 .
The reverse transfer mobility Y12 is
Y12 =

v1
,
F2 F =0
1

(102)

where v1 is the velocity of the free input, F1 = 0 , when the force F2 is applied to excite the
output.
The forward transfer mobility Y21 is
Y21 =

v2
,
F1 F =0
2

(103)

where v 2 is the velocity of free output, F2 = 0 , when the force F1 is applied to excite the
input.
The relationships between the velocities and forces of the black box system shown in
Figure 29 can also be expressed using the mobility parameters Yii as [36]:
v1 = Y11 F1 + Y12 F2 ,

(104)

v 2 = Y21 F1 + Y22 F2 .

(105)

and

When the velocities at the connection points and the mobility parameters are known, then the
forces are obtained by solving the Eqs (104) and (105).
In the mechanical black box system presented in Figure 29 the vibration source is
described by Norton equivalent with free velocity vf and internal mobility Yi and the load is
given by its load mobility YL . The internal mobility of the vibration source and the mobility
of the load can be included with the black box mobilities by measuring or calculating the
mobility parameters with the load mobility YL and internal mobility Yi in place. In doing so
the Eqs. (104) and (105) become [36]

and

vf = Y11′ F1 + Y12 F2 ,

(106)

0 = Y21 F1 + Y22′ F2 .

(107)

Now the forces and velocities are considered at points 1′ and 2. The velocity at point 1′ v1
becomes vf and the velocity v 2 = 0 because no external force is applied. The mobility Y11′ is
Y11 obtained from Eq. (100), and Y22′ is Y22 obtained from Eq. (101) with YL in place [36].
The transfer mobilities are not effected by the external connections. From Eqs. (106) and
(107) one obtains the forces [36]
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F1 =

vf Y22′
Y11′ Y22′ − Y12Y21

(108)

F2 =

− vf Y21
.
Y11′ Y22′ − Y12Y21

(109)

and

The force FL = F2 is applied to the load giving rise to load velocity v L = F2YL . The force at
the input connection point 1 is F1 , since the internal mobility Yi of the vibration source
transmits this force and the velocity at the point 1 is v1 = vf − F1Y1 .

8

Four-pole parameters of mechanical
systems

8.1 Theory
The mechanical system (see Figure 30) can be described with the so called mechanical fourpole parameters α i j appearing in the equations between the input force F1 and velocity v1
and the respective output force F2 and output velocity v 2 as [34]
F1 = α 11 F2 + α 12 v 2 ,

(110)

v1 = α 21 F2 + α 22 v 2 .

(111)

2
1

a
F 1, v
1

+ D ire c tio n

i j

F
M e c h a n ic a l s y s te m

2

, v
2

Figure 30. Four-pole parameter notation, adapted from [34], [35].
The four-pole parameters are defined for a particular system and they do not depend on
what proceeds or what follows the system. This property allows the calculation of properties
of a complicated system comprised of many mechanical elements. The system can be a
combination of lumped, linear, mechanical elements like masses, springs, and resistances. The
system can be made up also of linear, distributed parameter systems comprizing, e.g., beams
and plates [34].
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The four-pole parameters can be defined from equations [34], [35]:

α11 =

F1
,
F2 v2 = 0

α 12 =

F1
,
v2 F2 = 0

(112)

α 21 =

v1
,
F2 v2 = 0

α 22 =

v1
.
v2 F2 = 0

(113)

In these equations the subscript v 2 = 0 means that the output terminal pair is clamped, and the
subscript F2 = 0 means that the output terminal pair is free (unrestrained).
According to the reciprocity theorem in a network the transfer impedance or mobility
between any two terminal pairs is independent of which terminal pair is taken as the input or
output; thus one obtains [35]
F1
v2

=
F2 = 0

F2
v1

(114)
F1 = 0

or
v1
F2

=
v2 = 0

v2
F1

.

(115)

v1 = 0

Applying the reciprocity theorem the four-pole Eqs. (110) and (111) can be inverted to
yield the equations [35]

and

F2 = α 22 F1 + α 12 v1

(116)

v 2 = α 21 F1 + α 11v1 ,

(117)

where use has been made of the relation [35]
∆ = (α 11α 22 − α 12α 21 ) = 1 .

(118)

For a symmetrical system it does not matter which terminal is taken to be input or output, thus
[35]

α 11 = α 22 .

(119)
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8.2 Four-pole parameters of a series connected
system
The four-pole parameters of the two elements connected in series (see Figure 31) can be
obtained considering that the output of the thirst element is the input of the second element.
This can easily been made using matrix notation as follows [34], [35]: using Eqs. (110) and
(111) one obtains for element number 1

1
F 1, v

a ¢i
1

2
3

a i ¢¢
j

F
E le m e n t 1

2

, v
2

j

F
E le m e n t 2

3

, v
3

Figure 31. Series connected mechanical elements.

and for element number 2

′ α 12
′ ù é F2 ù
é F1 ù éα 11
ê v ú = êα ′ α ′ ú ê v ú
ë 1 û ë 21
22 û ë 2 û

(120)

é F2 ù éα 11′′ α 12′′ ù é F3 ù
ê v 2 ú = êα ′′ α ′′ ú ê v ú .
ë û ë 21
22 û ë 3 û

(121)

Then inserting the Eq. (121) into (120) one obtains
′ α 12
′ ù éα 11′′ α 12
′′ ù é F3 ù
é F1 ù éα 11
ê v ú = êα ′ α ′ ú êα ′′ α ′′ ú ê v ú .
ë 1 û ë 21
22 û ë 21
22 û ë 3 û

(122)

Then after matrix multiplication one obtains
é F1 ù é β 11
ê v ú = êβ
ë 1 û ë 21

β 12 ù é F3 ù
.
β 22 úû êë v3 úû

(123)

The final four-pole parameters expressed with the aid of the original parameters of the two
connected elements are [35]
é β 11
êβ
ë 21

′′ α 11′ α 12′′ + α 12
′ α 22
′′ ù
β 12 ù éα 11′ α 11′′ + α 12′ α 21
.
=ê
ú
′ α 11′′ + α 22
′ α 21
′′ α 21
′ α 12′′ + α 22
′ α 22
′′ úû
β 22 û ëα 21

(124)

For a system of n elements one obtains [35]
′ ù éα 11′′ α 12′′ ù éα 11n α 12n ù üé Fn +1 ù
é F1 ù ìéα 11′ α 12
ê v ú = íêα ′ α ′ ú êα ′′ α ′′ ú L êα n α n ú ýê v ú .
ë 1 û îë 21
ë 21
22 û ë 21
22 û
22 û þ ë n +1 û

(125)
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8.3 Four-pole parameters of a parallel connected
system
Consider that the parallel connected four-pole elements move so that their input velocities at
the common input junction are equal to v1 and their output velocities, respectively, are equal
to v 2 . The force at the input junction is equal to the sum of the input forces of the individual
four-pole elements. The output force is also the sum of the forces of the individual fore-pole
elements, which are connected parallel as shown in Figure 32 A. The equivalent four-pole
parameters of the combined system can be obtained from equations [36]

α 11 =

A
,
B

α 12 =

α 11 (i )
A = å (i ) ,
i =1 α 21
n

where

AC
− B,
B
n

1

i =1

α 21 (i )

B=å

1

v

v

1

i j

v

a
1

(126)

(2 )

1

F

C
,
B

(1 )

i j

a

* 

α 22 =

α 22 (i )
C=å
.
(i )
i =1 α 21

,

i j

a
F

1
,
B

n

a

) 

α 21 =

F
2

2

(n )

F

i j

v

2

2

Figure 32. Parallel connected elements in the four-pole method [36].

8.4 Four-pole parameters of lumped systems
8.4.1 Mass
A mass can be considered as a rigid body, so the velocities in the input and output in the fourpole model (see Figure 30 for positive directions) for a mass are equal v1 = v 2 . From Newton´s
law and assuming sinusoidal time dependence ( e iω t ) one obtains [34]
F1 − F2 = m dv1 dt = m dv 2 dt = iω mv1 = iω mv 2 .
Using these relationships one can write the four-pole Eqs. (110) and (111) for a mass as

57 (106)
RESEARCH REPORT No. BVAL37-021229

F1 = F2 + iω mv 2 ,
v1 = 0 ⋅ F2 + v 2 .
From these equations one can obtain the four-pole parameters of a mass as [34]

α 11 = 1, α 12 = iω m, α 21 = 0,

and α 22 = 1.

(127)

8.4.2 Spring
The massless spring transmits the force applied to its input to the output so F1 = F2 (see
Figure 30 for positive directions). The force at the end of the spring is obtained as a product of
the stiffness k of the spring times the displacement. The relative displacement can be
v ù
év
expressed with velocities when the motion is time harmonic as F1 = k ê 1 − 2 ú . So the fourë iω iω û
pole Eqs. (110) and (111) can be written in the form
F1 = F2 + 0 ⋅ v 2 ,
iω
v1 =
F2 + v 2 .
k
So the four-pole parameters of the ideal massless spring are [34]

α 11 = 1, α 12 = 0, α 21 =

iω
, and α 22 = 1 .
k

(128)

8.4.3 Resistance
The mechanical resistance transmits the applied force from the input to the output so F1 = F2
(see Figure 30 for positive directions). For a mechanical resistance caused by a viscous
damping the input force F1 is equal to the mechanical resistance (or damping constant) c
times the relative velocity of input point 1 with respect to output point 2. So F1 = F2 ,
and F1 = c(v1 − v 2 ) . These can be rewritten in the form
F1 = F2 + 0 ⋅ v 2 , and
v1 =

1
F2 + v 2 .
c

The four-pole parameters of a mechanical resistance are thus [34]

α 11 = 1, α 12 = 0, α 21 = 1 c , and α 22 = 1 .

(129)
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8.4.4 Parallel spring and resistance
In a system of parallel-connected spring and resistance (see Figure 33) the equations for
forces and velocities are [35]

F 1,v

k

F 2,v

1

2

c
Figure 33. Parallel connected spring and resistance.
F1 = F2

(130)

v1 = κ ∗ F2 + v 2 ,

(131)

κ ∗ = [(k / jω ) + c]−1 .

(132)

α 11 = α 22 = 1, α 12 = 0, α 21 = κ ∗ ,

(133)

and
where
Thus the four-pole parameters are

and
é F1 ù é 1
ê v ú = êκ ∗
ë 1û ë

1
0ù F
0ù é F2 ù é
é ù
j
ω
ê
úê 2 ú .
=
ú
ê
ú
1
1û ë v 2 û ê k [1 + ( jω c / k )] ú ë v 2 û
ë
û

(134)

8.4.5 Dynamic absorber
One can apply the method of series connected lumped elements to get the matrix equation for
a dynamic absorber shown in Figure 34

F 1,v

k
1

Figure 34. Dynamic absorber.
é F1 ù é 1
ê v ú = êκ ∗
ë 1û ë

0ù é1
1úû êë0

F 2,v
2

m

F 3,v
3

c

jω mù é F3 ù é 1
jω m ù é F3 ù
=ê ∗
.
ê
ú
ú
1 û ë v3 û ëκ 1 + jω mκ ∗ úû êë v3 úû

(135)

Normally the dynamic absorber is unterminated. In that case the transfer impedance
Z T = F3 / v3 = 0 and the driving-point impedance Z in is
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F1
jω m
,
=
v1 1 + jω mκ ∗

Z in =

(136)

where κ ∗ is obtained from Eq. (132).

8.4.6 Dynamic absorber in a mechanical system
A dynamic absorber is attached to a mechanical system in Figure 35. For the mechanical
system one can write the equation [35]

( F 1 - F 2 ) ,v
F 1,v

k
2

m

1

c

F 2,v
2

M e c h a n ic a l
s y s te m

F 3,v
3

Figure 35. Mechanical system with a dynamic absorber attached [35].
é F2 ù éα 11 α 12 ù é F3 ù
ê v ú = êα
úê ú .
ë 2 û ë 21 α 22 û ë v3 û

(137)

The force balance equation gives
F1 = F2 + Z in v 2 ,

(138)

where Z in is the driving-point impedance of the dynamic absorber given in Eq. (136).
Because v1 = v 2 , one can write in matrix form [35]
é F1 ù é1 Z in ù é F2 ù
ê v ú = ê0 1 ú ê v ú .
ûë 2 û
ë 1û ë

(139)

Inserting the Eq. (137) into Eq. (139) one obtains
é F1 ù é1 Z in ù éα 11 α 12 ù é F3 ù
ê v ú = ê0 1 ú êα
úê ú ,
û ë 21 α 22 û ë v3 û
ë 1û ë

(140)

and after matrix multiplication
é F1 ù éα 11 + Z inα 21 α 12 + Z inα 22 ù é F3 ù
êv ú = ê
úêv ú .
α 21
α 22
ë 1û ë
ûë 3 û

(141)
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9

Characterization of structure-borne sound
source

9.1 Introduction
At the design stage the engineer is often asked to evaluate the resulting vibration and sound
level the machine will produce. For airborne sound the source-transmission path-receiver
model is well established and it gives good results. A similar approach has not been able to
develop for structure-borne sound. There is a fundamental problem how to characterize
machines as structure-borne sound sources. When a source is connected to a receiving
structure the coupling between these depends on both the source and receiver structural
characteristics and the excitation of the source. So the combined system can not be described
only with the source characteristics.

9.2 Complex power transmission
The complex transmitted power Q in the one contact point to the receiving structure is
obtained from [23]
) )
))
Q = P + iS = 12 F ∗ v r = 12 F v r∗ ,

(142)

)
)
where F is the complex amplitude of the force applied on the receiving structure and v r is
the complex amplitude of the resulting velocity at the same contact point. The real part P of
the complex power Q, where force and velocity are in phase, is the active power flowing from
the source into the receiving structure where it propagates further. The imaginary part, the
reactive power S, where force and velocity are π / 2 out of phase, goes back and forth through
the contact point. Using the point mobility Yr of the receiving structure at the contact point
the complex power can be written in the form
Q=

1
2

) 2
~
F Yr = F 2Yr ,

(143)

~
where F is the rms-value of the complex force, or equivalently using velocity

Q=

1
2

)
vr

Yr

2

Y =
2 r

v~r2
Yr

2

Yr ,

(144)

where v~r is the rms-value of the complex velocity at the contact point. From Eq. (143) one
can see that the complex power Q and the driving-point mobility Yr of the receiving structure
are in same phase. Petersson and Gibbs [40] introduce two quantities relevant to the power
transmission:

and

)
v r = 2 Q Yr

(145)

P = Re[Q] .

(146)
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Thus in the description of the power transmission from a source to the receiving structure, the
complex power is required [40].
Either a four-pole model or an electrical linear network analogy (see Figure 36) can be
used in the determination of the force Fr exerted on the receiving structure and the resulting
velocity v r of the structure [10]. Using the Norton´s equivalent system for a velocity source
with free velocity vsf exerting the force Fr on the receiver load mobility Yr then from the Eqs.
(92) and (93) one obtains the force

S o u rc e
v sf
v

F
s

v

Y
s

F
r

v

F

= F
s

r

s

v

sf

s

v
r

Y
r

r

R e c e iv e r
(a )

(b )

Figure 36. Representation of a source-receiver system in the one contact point case. (a) Fourpole model, (b) linear network analogy model [10].
) )
Fr = vsf /(Ys + Yr )

and velocity

)
vr =

(147)

)
vsf
Yr .
Ys + Yr

(148)

Inserting Eqs. (147) and (148) into Eq. (142) one obtains the complex power transmitted [40]
Q=

1
2

)
vsf

2

Ys + Yr

Y =
2 r

v~sf2
Ys + Yr

2

Yr .

(149)

)
In Eqs. (147)-(149) vsf is the complex amplitude of the velocity ( v~sf is rms-velocity) of the
freely vibrating source with no couplings at the contact point. This velocity quantifies the
response of the source to all of its internal vibration producing mechanism. It can be measured
when the machine is running under normal operating conditions and suspended in free space,
e.g., in practise mounted on resilient vibration isolators. It can be considered to represent the
activity of the source.

It is seen from Eq. (149) that the power transmitted to the receiving structure depends on
)
the free velocity of the source vsf and the mobilities of both the source and the receiving
structure. So the power transmission is not only dependent on source-only parameters.
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9.2.1 Constant velocity and constant force source
A constant velocity or a constant force source are the two theoretical idealizations which are
very seldom encountered. In practice machine and structural design is based on static
requirements which lead to structural elements of similar proportions, e.g., thicknesses [40].
Consider a situation where a source is attached at a single point and the motion is considered
in only one direction of motion. If the source mobility Ys is very small compared to the
receiver mobility Yr ( Ys << Yr ) then the Eq. (149)
Q=
reduces to [40]

1
2

)
vsf

v~sf2

2

Ys + Yr

Y =
2 r

)
1 vsf
Q=
2 Yr

Ys + Yr

2

Yr

2
2

Yr

showing that in this case the complex power transmitted is independent of the mobility of the
source. In theory this kind of situation is encountered when a solid massive machine is
mounted on a thin foundation plate. Then the velocity at the contact point is the free velocity
vsf measured when there are no contacts between the machine and its environment and when
the machine is running under normal load. This extreme situation describes the so-called
constant velocity source [40].
If instead the source mobility Ys is very large compared to the receiver mobility Yr then
Eq. (149) reduces to [40]
) 2
1 vsf
Q=
Yr
2 Ys 2
and then the force at the contact point becomes invariant (constant). This theoretical situation
is encountered when a machine with large mobility is mounted on a thick floor [40].

9.2.2 Transmission loss of elastic elements
Between the source and receiver there are often elastic elements, called transmission
elements, e.g., chocks, vibration isolators, bolts, pipes, tubes or cables. If there is an elastic
element between a simple source and a receiver, then the velocities at its top and bottom ends,
v1 and v 2 respectively, can be written as [40]

and

)
)
)
v1 = F1Y11 + F2Y12 ,

(150)

)
)
)
v 2 = F1Y21 + F2Y22 ,

(151)

where Yi i are the driving-point mobilities and Yi j the transfer mobilities.
It can be shown that the transmitted complex power from source to the receiver is obtained
from [40]
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Q = Q0

2

Ys + Yr

Y21

2

(Ys + Y11 )(Yr + Y22 ) − Y12Y21

2

,

(152)

where Q0 is from Eq. (149) calculated complex power without the transmission element in
place, and the transmission efficiency t can be defined as ([10] in [40])
t=

Ys + Yr

2

Y21

2

(Ys + Y11 )(Yr + Y22 ) − Y12Y21

2

.

(153)

One sees from Eq. (153) that in addition to element mobilities both the source and receiver
mobilities will effect on the transmission efficiency. This differs from the force or
displacement transmissibility [41] which considers only one field variable at a time [40].
An approximate expression for the transmission efficiency when the element mobilities are
larger that the source and receiver mobilities is [40]
t ′ = Ys + Yr

Y21

2

2

Y11Y22 − Y12Y21

2

.

(154)

In the approximate Eq. (154) for t ′ the second factor is the square of the ratio (transfer
impedance) of force at a blocked end to the velocity at the excited end [40]. In the general
case its mobility matrix describes the transmission element
Y12 ù
éY
.
YT = ê 11
ëY21 Y22 úû

(155)

When elements are linear, passive and bilateral then the reciprocity principle applies and
Y12 = Y21 . If the elements are in addition symmetrical then Y11 = Y22 .

9.2.3 Source descriptor and coupling function
9.2.3.1

One-point-connected systems

For the description of the complex power transmission at one contact point from the vibration
source to the receiving structure Mondot and Petersson [10] introduced the ratio of the
magnitude of the receiver and source mobilities, α = Yr Ys , and the phase difference
between these mobilities, ∆φ = φ r − φ s . They proposed that the source characterization can be
made with two functions: the source descriptor S describes the ability of the source to produce
power and the coupling function Cf gives the proportion of this power which is manifested,
defining these functions, respectively, as
v~sf2
S= ∗,
Ys

(156)
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2

Cf = Ys∗Yr / Ys + Yr , or Cf = α e i∆φ /(α 2 + 2α cos ∆φ + 1) ,

(157)

where v~sf is the rms-velocity of the free source at the contact point, Ys∗ is the complex
conjugate of the source mobility, and Yr is the receiver mobility. The complex power in Eq.
(149) can be obtained with the aid of the source descriptor and the coupling function from
Q = SCf .

(158)

The source descriptor S has the units of power and it depends only on source data, the
velocity vsf of the free source and the source mobility at the contact point Ys . The coupling
function Cf is a function of the source and receiver mobilities at the interface and it describes
the dynamic properties of these coupled structures at the contact point. For any phase
difference between the source and receiver mobilities the level of the coupling function attains
its maximum when the magnitudes of these mobilities are equal. When the magnitude ratio is
kept constant, then the largest coupling is obtained for the largest phase difference [10]. The
magnitude of the coupling function is low when the mobilites are largely different in
magnitude. Under these conditions the mobilities are called unmatched and the transmission
is essentially independent of the phase difference between the source and receiver monbilities
[10]. When the mobilites are nearly of equal magnitude, the magnitude of the coupling
function can be high depending on the phase difference. Under these conditions the mobilities
can be called matched and the power transmission is dependent both on the source descriptor
and the mobility matching at the interface [10].
The active power P, the real part of the complex power Q, is the quantity, which is
controlled when the structure-borne sound power transmission or propagation needs to be
reduced. The active power P can be written using the source descriptor S and the coupling
function Cf in the form
P = S Cf (cos φ s cos ∆φ − sin φ s sin ∆φ ) .

(159)

When the source, source descriptor, is known the power transmission is obtained using the
coupling function. The most favourable contact point can be selected estimating the minimum
giving coupling function. One has to design sources and receivers so that lightly damped
vibration modes can be avoided, thus the phase difference of the source and receiver
mobilities can be kept small. When lightly damped resonant structures are used then the
comparable magnitudes of the mobilities of the source and receiving structure cause
considerable transmission of vibration and power [10].
The source descriptor has some distinct properties: It is a function of the source involving
only source variables. It has the units of power, which enables the comparizon of different
components of motion. In one-point uni-directional system both the source descriptor and the
coupling function involve only variables which are measurable when the source and the
receiver are not coupled together and therefore the prediction of the transmitted power is
possible [14].
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9.2.3.2

Multi-point-connected systems

The characterization of machines as vibrational sources is fundamental in the control of
structure-borne sound. The dynamic coupling between the source and receiver does not allow
the use of transmitted power in the source characterization. Some proposals have been made
to standardize the structure-borne sound emission [9] for the case when the source is stable
these include the constant force or velocity sources [23]. Theoretically in the general case
these ideas do not work. Fulford and Gibbs [14], [15], [16] have studied further the ideas of
Mondot and Petersson [10] applying the source descriptor and coupling function in multipoint-connected systems.
In a general motion six degrees of freedom are possible, three translational and three
rotational, and the source and the receiver can be coupled at many points. In the analysis of
this system coupling between all points and all components of motion has to be taken into
account. Using the source mobility matrix, [Ys ] , the receiver mobility matrix, [Yr ] , and the

{

}

force ratio vector, F jm / Fi n , the transmitted power can be obtained from [14]

Pi =
n

{

(v sfn i ) 2

}

{

2 [Ys ] F / Fi + [Yr ] F / Fi
m
j

n

m
j

n

}

2

{ {

}}

(160)

Re [Yr ] F jm / Fi n .

The Eq. (160) shows the complexity of the determination of power transmission in multipoint-connected systems [14]: For N connection points the receiver and source matrices are
6 N × 6 N matrices of complex and frequency dependent elements. It is difficult to compare
different mobility terms and compare the significance of the source and receiver mobility.
Also it is difficult to see what are the dominant transmission paths of structure-borne sound.
To get better understanding of the power transmitted the force ratios should be known.
Fulford and Gibbs use the concept of effective point mobility to address the problems
mentioned using the definition for point n in direction i presented in [43]
nnΣ
ii

Y

=Y

nn
ii

+

N

å

m =1, m ≠ n

nm
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Y
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+
Fi n
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,

(161)

where Yijnm are the transfer mobilities when force is acting at the point m and direction j to the
point n and direction i and F jm Fi n are the force ratios, respectively. The different terms in
Eq. (161) highlight the important transmission paths. The first term is the direct path, and the
second (sum) term is due to the couplings between other points to point n in the direction of
motion i. The third (sum) term is due to the couplings between other motion directions j and
direction i in the point n under consideration, and the fourth (sum) term is due to couplings
from other points m and other motion directions than the motion direction i under
consideration.
In multi-point-connected systems the effective point mobility is analogous to the point
mobility. The source descriptor and the coupling function for a point n and in motion
direction i for a multi-point-connected system are thus analogously [14]
S in = vsf,n i

2

/ 2 Ys,nniiΣ∗ ,

(162)
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2

Cf i n = Ys,nniiΣ∗Yr,nniiΣ / Ys,nniiΣ + Yr,nniiΣ .

(163)

The transmitted complex power Qin in the point n and direction i is obtained from product
Qin = S in Cf i n .

(164)

The real part of complex power gives the active power Pi n , and the total active power is
obtained by the sum of all Pi n . In the effective point mobility of a multi-point-connected
system there are the force ratios, and they are dependent on both the source and receiver
structures. Thus one has to predict or estimate these force ratios in some manner [14]. The
force ratios in a receiver system came under consideration through the concept of effective
point mobility. In the theoretical consideration of translational forces Mondot, Petersson and
Gibbs used assumption that they have unity magnitude and zero phase [14]. If only
translational motion is considered, the effective point mobility has been estimated by [14]
YiinnΣ = Yiinn +

N

åY

nm
ii
m =1, m ≠ n

,

(165)

where only contribution of other points in the same direction is taken into account. If in a
linear system the contribution from N contact points can be assumed to cancel through
superposition, each mobility and force ratio has different phase, and the effective point
mobility reduces to the point mobility [14]
YnnnΣ = Yiinn .

(166)

This assumption is equivalent to the assumption that the contact points are uncoupled. When
taking into account both the excitation of the source and its structural characteristics a simple
assumption is that the excitation is the free velocity of the contact points and the point
mobility of the source in these points. Thus the force at the contact points is [14]
Fi n = vsfn i / Ysiinn .

(167)

A more accurate estimation needs the coupling terms between contact points, i.e., the transfer
mobilities, but this leads to complicated expressions for the forces and effective mobility.
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9.2.4 Characteristic power
In a single contact point case it is assumed that a source is linear and vibrates as a result of the
action of internal forces which are independent of the attachment to any receiving structure
)
[80]. The free velocity vs f of the source is assumed to characterize the activity of the source
and the mobility Ys is assumed to characterize its passive properties at the contact point [80].
The complex power that is transmitted through the contact point is given by Eq. (149)
repeated here for clarification [80]
Q = v~sf

2

2

⋅ Yr / Yr + Ys .

(168)

)
where v~s f is the rms free velocity ( vs f is complex amplitude), Yr and Ys are the receiver and
source mobility respectively.

Using the complex ratio of receiver to source mobility α = Yr / Ys Eq. (168) can be written
in a dimensionless form [80]
Cc = Q / S c = α / ( 1 + α

2

e

jθ r

),

(169)

2
where S c = v~sf / Ys∗ , θ r is the phase of the receiver mobility, and C c is the so-called
coupling factor.

The magnitude and real part of the dimensionless power transmitted from a source of a
given phase when connected to a receiver of opposite phase is drawn in Figure 37. When the
source mobility is high in relation to the receiver mobility ( α << 1 ), the blocked mounting
condition is approximated and the power transfer is inefficient. On the other hand, when the
source mobility is low in relation to the receiver mobility ( α >> 1 ), the free mounting
condition is approximated and again the power transfer is inefficient. These extreme cases of
low power transfer are shown by asymptotic lines in Figure 37. The power transfer obtains its
maximum for any phase angle when α = 1 .
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Figure 37. (a) Magnitude, and (b) real part of the power via a single contact point from a
source of various mobility phases to a receiver of opposite phase ( θ r = −θ s ). Diagonal lines
indicate blocked and free source asymptotes. Phase θ :
0;
0,2π ;
0,4π ;
0,45π . Adapted from [7] and [80].
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From Eq. (168) the maximum complex power is obtained when the mobilities of source
and receiver are complex conjugate ( Yr = Ys∗ ) [10]
Q(Yr = Ys∗ ) = S a = v~sf

2

⋅ Ys∗ / [ 2 Re(Ys )] .
2

(170)

The "maximum available power" (MAP) that is transmitted from this source through its
contact point to any receiving structure is obtained from [80]

[

]

Re Q(Yr = Ys∗ ) = Re( S a ) = v~sf

2

/ 4 Re(Ys ) .

(171)

In Figure 37 (b) is drawn the real part of Eq. (169) for θ r = −θ s , that is the MAP, for four
different values of source mobility phase.
When source and receiver mobilities are equal in magnitude and phase ( Yr = Ys ) then from
Eq. (168) is obtained [80]
Q(Yr = Ys ) = S m = v~sf

2

⋅ 1 / 4(Ys∗ ) .

(172)

This is called the "mirror" power, because it is the power transmitted when the source is
connected to receiver which is a mirror image of itself [80]. The magnitude of the mirror
power is independent of source mobility phase, whereas the magnitude of MAP depends on
the source mobility phase. For most sources, the magnitude of the mirror power is less than
the MAP power. In a special case of a source of zero mobility phase both powers are equal
[80].
The intersection point of the low mobility and the high mobility source asymptotes in
)
Figure 37 is of interest. In this point the force is equal to the blocked force ( Fbl = vsf / Ys ) and
the velocity is the free velocity, and power is obtained from [80]
) )
Q( F = Fbl , v = vsf ) = S c = v~sf

2

⋅ 1 / Ys∗ .

(173)

This is four times the "mirror" power obtained from Eq. (172). Mondot and Petersson [10]
call the result of Eq. (173) the source descriptor. Moorhouse introduced for this result a new
term the "characteristic power" to be able to enlarge the discussion to include also the
multiple point contacts, because it differs from the characterization by Mondot and Petersson.
This work was extended to multiple point and component contact also in [80].

10 Mobility functions and free velocities
10.1.1 Machine mobilities
The mount footing is typically a flat plate for a large range of machines [44]. The dynamics of
this kind of mount can be modelled as a plate-spring-mass system (see Figure 38). The mass
presents the machine body and the spring the local stiffness of the footing. The boundary
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conditions, material and dimensions of the plate determine the stiffness. For this model the
point mobility is obtained from [15]

Figure 38. Model of a machine mount point [15].
Y = ( k − ω 2 m ) / iω m k ,

(174)

where m is the mass of the machine, k the local stiffness of the mount footing, and ω is the
angular frequency. At low frequencies the mass term dominates the expression and in the
mobility curve (see Figure 39) a mass controlled region (magnitude decrease of 6 dB per
octave with a phase of − π / 2 ) is seen. Thereafter at higher frequencies is seen a stiffness
controlled region (magnitude increase of 6 dB per octave with a phase of π / 2 ). Between
these two regions is seen notch caused by an anti-resonance frequency determined by the
mass and local stiffness

Figure 39. Generalized point mobility of machine mount [15].

ω0 = k / m .

(175)

After the stiffness controlled region the plate will begin to bend and its fundamental
frequency starts the resonance controlled region, where a more detailed model is needed.
10.1.1.1

Mobility in mass controlled region

The machine can be modelled as a rigid body in the mass controlled region. If the co-ordinate
axes coincide with the principal inertia axes of the body of the machine, the mobility is
obtained from [15]
Y = (1 / iω )(1 / m + y 0 y / I xx + x0 x / I yy ) ,

(176)
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where x0 and y 0 describe the position of the force with respect to the centre of gravity, x and
y are the co-ordinates of the response point, and the moments of inertia are I xx and I yy (see
[15]).
10.1.1.2

Mobility in stiffness controlled region

In the stiffness controlled region the size, material and boundary conditions of the mount plate
control the mobility and the main body of the machine can be ignored in the analysis [15].
Fulford and Gibbs consider in the analysis plate- and flange-like mount conditions (see Figure
40). They also consider cantilever flanges and local plate deformation (see Figure 41).

Figure 40. Machine with a plate-like base (left) and with a flange-like base [15].

Figure 41. Machine with cantilever flanges (left) and local plate deformation [15].
10.1.1.3

Mobility in resonance controlled region

The transfer Y tr and point mobility Y pt of the machine base are dependent on the modal
interaction in the resonance region of the mobility curve. Mode shapes and mode frequencies
depend on the material, dimensions and boundary conditions; and the modal interaction
depends on the frequency, excitation position, reception position and material damping. This
is why the analytical determination of the relationship Y tr / Y pt is difficult [15].
Skudrzyk subdivided the resonance region into four frequency regions: a) low frequencies
( α > 5 ), b) transition frequencies ( 1 < α < 5 ), c) high frequencies ( α ≈ 1 ), and d) very high
frequencies ( α ≤ 1 ). The ranges were determined by the ratio α of average modal spacing ε ν
(rad/s) to the half-power bandwidth ηων of a mode ν given in [45] and denoted by α in [15]

α = ε v / ηω v ,

(177)
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where η is the material loss factor, and ων is the angular frequency of the mode ν . The
frequencies in the regions c) and d) are not of concern as to the mobilities of machines [15].
The modal spacing of a thin mount plate transversely excited is obtained from [15]

ε ν = 3,6 c L h / A ,

(178)

where c L is the quasi-longitudinal wave speed, h plate thickness, and A plate area. From Eqs.
(177) and (178) is obtained

α = 3,6 c L h / η Aων .

(179)

Using values η = 0,001 and upper frequency limit of 10 kHz, the plate area required to
have α = 1 for a 3 mm thick plate is 1 m2 and for thicker plates the area will be larger than
1 m2 [15]. This example shows that these two regions of Skudrzyk are not applicable in
engineering practice. For the region b) the plate are with same assumptions will be about
0,2 m2 which is of practical concern. In the low frequency region where α > 5 the mobility
will have well separated peaks. Even in this region it is not possible to predict the exact
mobility spectra excluding the simplest structures. It is considered that only the mean value
and the envelope which bounds the upper and lower peaks can be predicted with acceptable
accuracy [15].

10.1.2 Floor mobilities
The estimation of the effective mobilities of the receiving structure is needed if power
transmission needs to be evaluated. Many times in engineering applications the receiving
structure is a floor. The floor cannot be considered as a free body and so a mass controlled
region will not be seen in the curve of the point mobility. Typically the mobility curve of a
floor behaves as shown in Figure 42.

Figure 42. Generalized point mobility of floor mount [15].

10.1.3 Free velocities of machine
The free velocity of a machine is caused by all the internal exciting mechanisms. The
excitation mechanisms are so varied that it is impossible to develop a general theoretical
model for the free velocity. Instead usually measured values are used.
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In the mass controlled region of mobilities the machine moves as a rigid body. In this
region all the free velocities will be approximately of equal magnitude [15]. In the stiffness
controlled region the magnitudes and the phases of the free velocities depend on the details of
the machine. In the resonance controlled region the wave behaviour dominates and the
magnitude or phase of the free velocities cannot be predicted. For symmetrical structures
approximately equal magnitudes or trends can be waited [15].

11 Measurement techniques
11.1 Mobility measurement
During the early 1960´s techniques for measuring mechanical impedance became widely
available after the development of new measuring equipment [48]. At that time the "Round
Robin" test conducted by the U.S. Naval Research Laboratory was performed to assess how
consistently impedance properties could be measured by different people and laboratories
[48]. During the 1970´s the techniques were developed further and soon they were used in the
form of mobility measurements. Especially the development of computer-controlled
measurement techniques and the use of sophisticated analysis programs, e.g., modal analysis,
made these techniques applicable in the engineering work.
There were considerable developments in the mobility measurement techniques and at the
same time the number of organizations making these measurements increased. So it was felt
that there is a need to assess the accuracy and consistency of mobility measurements and
analyses. Thus during the period 1978-1980 another survey of mobility measurement
techniques and of associated modal analysis methods was conducted [48], [49]. This consisted
of two parallel and identical surveys, which were performed in the UK, and in France for
measuring structural mobility properties [48]. In the survey special test structures covering the
frequency range from 2 Hz up to 50 kHz were circulated between the participating
laboratories. The survey showed that no individual factor could be found to explain the scatter
in the measurement results. Instead, four main points were identified to influence on the
quality of measurements [48]:
- The method of suspension of the structure; the requirement being the free-free condition
for testing and excitation perpendicular to the suspension is preferred
- The method of attaching the shaker and/or the measuring transducers; lightness of the
transducers and the attachment devices and the rigidity or flexibility of the drive rod
connecting the vibration exciter and the test structure
- The excitation techniques used to generate vibration in the structure; harmonic, random or
transient excitation depending on the measurement application
- The total time taken by various methods to produce a good mobility measurement."
In the assessment of the survey it was found that it is neither possible nor appropriate to
name the best method for measuring mobilities. The methods are complex and it depends on
the particular application which method suits best to the measurement task [49]. These
findings are still valid even the mobility measurement techniques have become as a standard
tool for vibration engineers.
Today methods of experimental determination of mechanical mobility are standardized and
well documented in various standards [21], [42].
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12 Structure-borne sound power transmission
from machines
12.1 Power calibration of receiving structure
12.1.1 Introduction
At present there is no standardized or otherwise agreed measurement method for the
determination of the source strength or the structural power transmission from sources to
receiving structures [51]. However, much theoretical and experimental work has been done on
these subjects (see. e.g., [40], [52], [53], [54], [55], [56], [80]). Some of these methods, e.g.,
[52], [53], [54], are based on "terminal power" of the isolated, free source and the coupling
characteristics that take into account the source and receiver mobilities. The transmitted
power at each contact point and motion co-ordinate is obtained as a time-averaged product of
the force and velocity components at the contact point. The estimation of contact forces is
very difficult. This estimation is avoided if some kind of calibration method is available. In
addition in engineering applications the structural power transmission often needs to be
measured "in situ" preferably before the source is installed or in a worse case after the
installation has been made.

12.1.2 Power transmission from source machine to receiving structure
In a multi-point-connected system of N contact points and 6 degrees of freedom there are
n = 6 N coupling co-ordinates or terminals. If the force is time harmonic with the time
dependence e iω t , where ω is the angular frequency, then the time-averaged power
transmitted to the receiver in the ith terminal is Pi = 1 2 Re ( Fˆi vˆi∗ ) , where F̂i and v̂i are the
complex amplitudes of the interface force and coupled velocity at the terminal i. The velocity
at the ith terminal is caused by all the contact forces, F̂ j . Remembering that mobility sums
the velocity response one obtains in terms of the receiver transfer mobilities YR (ω ) = YR, i j ,
which relate the velocity at the terminal i to the exciting force at the terminal j, expression
n
vi = å j =1YR, i j Fˆ j . The total power transmitted to the receiving structure is obtained by
summing the powers of each terminal i, so Pi = å Pi
n

n

i =1

j =1

{ } [Y ]{Fˆ },

P = 12 Reå Fˆi å YR,∗ i j F j∗ = 12 Re ( Fˆ
where the last expression is given in matrix form [51].

T

∗
R

∗

(180)
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12.1.2.1

Power transmission estimate over contact zone

The transmitted power can be estimated using the concept of the contact zone. If the cross
coupling terms between terminals are assumed to be negligible, then an approximate
expression is obtained as [51]
n

n

i =1

i =1

2

P ≈ å Fi 2 Re(YR, i i ) = å vi2 Re(YR, i i ) / YR, i i ,

(181)

where time averaged mean squared values (rms-values squared) of the contact force
2
2
( Fi 2 = Fi ,2rms = 1 2 Fˆi ) and coupled velocity ( vi2 = vi2, rms = 1 2 vˆi ) has been used.
If the receiver input mobilities which were measured before the source was installed are
available, then the Eq. (181) can be used when estimating the transmitted power using the insitu measured coupled velocities when the source is installed and operating normally. The Eq.
(181) has been found to give reasonably good accuracy in the estimation when frequencies are
over the modes of the rigid body motion of the source or receiver [51].

12.1.3 Power calibration of receiving structure
In the Department of Acoustic Technology of Technical University of Denmark has been
developed a method for the estimation or determination of power transmission based on a
power calibration of the receiving structure [51]. This calibration is made before the source is
installed. This technique has been successfully used both for the power transmission
measurements and for the source strength characterization [51].
12.1.3.1

Calibration of receiving structure

The power calibration of the receiving structure developed by Mogens Ohlrich [51] is based
on the relationship between power input at a point and the associated energy response of an
arbitrarily chosen control region in the far-field of the receiving structure (see Figure 43). The
far-field means a suitable region outside the contact zone, e.g. adjacent panels.

Figure 43. Far-field power calibration of receiving structure by applying a known external
force Fi at the ith terminal point [51].
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When an external point force Fi is applied at the ith receiver terminal having diving-point
mobility YR, ii , the power inputted is Pi = Fi 2 Re(YR, ii ) . This force causes at an arbitrary other
position q in the far-field region of the receiver vibration with mean squared normal velocity
[51]
2

v q2 = YR, q i Fi 2 ,

(182)

where YR, q i is the transfer mobility when force is exciting at terminal i and velocity response
is measured in terminal q. Averaging spatially these velocity responses over the far-field
control region one obtains the partial energy response E q [51]
Eq = ò

Mq

v q2 dmq ,

(183)

where M q is the mass of the control region and dmq is the local mass element of the
structural part considered. If instead substructures of uniform thickness and average mass mr
are used then the integration is replaced by summation
E q = å m r v r2 ≡ M q v q2 ,

(184)

r

v r2

where r is the number of substructures and

is the time averaged mean squared velocity

spatially averaged over the rth substructure, M q = å m r , and

v q2

is the mass-weighted or

"energy velocity" of the far-field control region [51]. If spatially averaged transfer mobility is
used then from Eq. (182) one obtains [51]

Fi

2

åm
=
åm
r

r

v r2
YR, r i

2

=

M q v q2
Mq

YR, q i

2

(185)

.

The estimation of substructure masses mr is uncritical; because they have the same weight
when the spatially averaged velocity v q2 and the transfer mobility

YR, q i

2

are determined

[51]. Using the Eq. (185) one obtains the power inputted to the receiving structure [51]
Pi = Fi 2 Re(YR, i i ) = v q2

Re(YR, i i )
YR, q i

2

= v q2 Re(α q i ) ,

(186)

where
Re(α q i ) = Re(YR, i i ) / YR, q i

2

(187)
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is the frequency dependent function of proportionality, which is robust and insensitive to
variations in drive point properties and forcing directions [51]. This insensitivity is obvious
because this function is equal to ω ηM if the whole far-field region includes the entire
structure with the total mass M and total loss factor η [51].
12.1.3.2

Reference power estimate

Estimation of the velocity responses and transfer mobilities can be made using space
averaging unless the structure is made of structural parts with non-uniform mass distribution
whereupon the velocity response and transfer mobility must be averaged using Eqs. (184) and
(185). It has been shown that for a homogenous structure such a result is correct both for the
power inputted by a point force and for a distribution of excitation forces ([24, p. 333] in
[51]). In practise the averaging can be made over free to four representative terminals giving
transmitted power P as an average of these uncorrelated estimates

P = v q2

Re (YR, i i )
YR, q i

= v q2

2

Re(α q i ) .

(188)

i

i

The steps in this measurement technique are [51]:
(a) Select suitable free or four terminals of the receiving structure. Then measure their
driving-point mobility using a broadband force excitation. In addition measure the energy
response of the selected far-field control region M q and determine the spatially averaged
square transfer mobility. Average the results of these measurements to get the
proportionality function Re(α q i ) .
i

(b) Install the source machine under consideration. Then the machine is operated under the
load conditions required. Thereafter measure the energy response caused by the operating
machine in the far-field control region M p and determine the spatially averaged mass
weighted velocity response v q2

using Eq. (184).

(c) The power transmitted from the source to the receiver is obtained by multiplying the
result of the power calibration (a) with the result of (b). This estimate is called the
reference power estimate.
12.1.3.3

Calibration with source machine installed

In practise it may happen that the source is already installed and the measured mobilities of
the receiving structure are not available. However, after the installation it is often possible to
measure the total driving-point mobility Yi i and the total transfer mobility Yq i of the coupled
source-receiver system (see Figure 44). Using these total mobilities and providing that the
driving-point mobility of the source YS, i i or receiver YR, i i is available, at least in one coupling
co-ordinate (terminal), then one can estimate the power transmission. In addition it is assumed
that the cross coupling between
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Figure 44. Far-field calibration of receiving structure by using terminal i as drive point [51].
terminals is negligible. This means that the source and receiver are assumed to be connected
in parallel at the terminal i thus the total driving-point Yi i and transfer mobility Yq i are
obtained from [51]
Yi i ≈

(189)

YS, i i YR, i i
YS, i i + YR, i i

and
Yq i =

YS, i i YR, q i
YS, i i + YR, i i

,

(190)

where YS, i i and YR, i i are the driving-point mobility of the source and receiver when they are
uncoupled. Solving Eqs. (189) and (190) for YR, q i and YR, i i (or YS, i i ) and substituting these
into Eq. (188) one obtains [51]

PS = v q2

Yi i

2

Re(1 / Yi i − 1 / YS, i i )
Yq i

2

, when YS, i i is known

(191)

when YR, i i is known

(192)

i

or
PR = v q2

Yi i

2

Re(1 / YR, i i )
Yq i

,

2
i

where PS gives the estimate when the driving-point mobility YS, i i of the source is known and
PR when the driving-point mobility YR, i i of the receiver is known.
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12.1.4 Application examples
12.1.4.1

Box receiver and engine foundation of ship

The transmission power estimates when Eq. (191) is used has been tested for different
mounting and receiver arrangements. In these tests a small-scale source (see Figure 45)
mounted on a box receiver or a testbed receiver has been used [51]. The results of these
estimations were compared with the results obtained using the reference power transmission
method according to Eq. (188).

Figure 45. Source-receiver arrangement with: (a) Box receiver; (b) testbed receiver (ship
model) [51].
The receiving structures (see Figure 45) were: (a) an open box-type receiver of size
630 x 390 x 280 mm with four 3 mm steel plates welded together and a bolted-on 1,5 mm
thick steel plate in the bottom. All plates were covered with a unconstrained layer of damping
material giving a frequency independent overall loss factor 0,03; (b) a scale model of a ship's
engine foundation, which is more rigid, relatively large welded steel-plate structure with
foundation plates 8 mm thick and other parts typically 2,5 mm thick and overall loss factor
0,025 [51].
The far-field region of the five-panel box receiver comprised of the two side panels and the
bottom panel. In the engine foundation model the horizontal plates closely adjacent to the
built-up foundation structure were used as the far-field region. The measured proportionality
functions are nearly identical for the different mounting points despite of the large differences
in their input mobilities (see Figure 46).
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Figure 46. Proportionality functions Re(α q i ) for different drive points. (a) Box receiver
excited at:
end point,

center bracket,
centre point [51].

corner bracket. (b) Testbed receiver excited at:

The source strength of a vibrational source can be characterized by its free terminal powers
when the source is freely suspended [51]. In Figure 47 is seen the power components of the
source used in these experiments. The source was oriented in the y-direction so the ycomponent dominates the measured power components as expected.

Figure 47. Modulus of free terminal power of source, averaged in the translational directions:
x,
y,
z [51].
In Figure 48 are seen the differences between the source and receiver mobilities in the x
and z direction.
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Figure 48. Driving-point mobilities in the translational direction: (a) x horizontal; (b) z
vertical. Results are for:
source,
box receiver,
testbed receiver [51].
Transmitted power estimates for the source mounted rigidly to either the box or the testbed
receiver is shown in Figure 49. The full line gives the reference power estimate
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Figure 49. Power transmitted from source to: (a) box receiver; (b) testbed receiver. Method of
estimation:
in-situ estimate from a single external drive point and Eq. (191),
reference power estimate from Eq. (188) [51].
obtained using Eq. (188) and the dash line gives the in-situ estimate obtained using Eq. (191)
when the driving-point mobility YS, i i of the source is known in only one terminal, which is the
vertical z co-ordinate at one contact point. This demonstrates what is achievable with a
minimum experimental effort [51]. It is seen that the degrading effect of neglecting the cross
couplings occurs in the low frequency range below the frequency corresponding to λ ≈ 2l .
The wavelength λ is the longest flexural wavelength in the structural parts controlling the
interface contact of the source or receiver and l is shortest distance between adjacent contact
points, see Figure 44 (a) Figure 49 (a).
12.1.4.2

Helicopter fuselage

A 3/4-scale model of a helicopter fuselage was used in the study of structural power
transmission from gearbox to fuselage [51]. The gearbox is mounted to the fuselage using
four vertical lift-rods with ball-and-socket joints at both ends and in the horizontal direction it
is mounted with two torque-rods which are clamped at both ends. The far-field region where
the velocity response was measured comprised of three panels, forward roof panel and leftand right-hand side panel areas of the fuselage. The estimation of structural power
transmission was made with Eq. (192). This requires that the driving-point mobilities of the
receiver (fuselage) are known in the input terminals used, instead the driving-point mobilities
of the source are not required. The three excitation points were at the upper part of a lift-rod.
The estimation results are compared with power calibration in Figure 50. In one-third octave
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bands the deviations are within ± 4 dB when frequency is over 250 Hz. At the lower
frequencies the cross

Figure 50. Power transmitted from gearbox to helicopter fuselage. Method of estimation:
in-situ estimate averaged from three external drive terminals using Eq. (192),
reference power estimate from Eq. (188) [51].
couplings effect on the accuracy. In addition it should be remembered that there are the two
horizontal camped torque-rods which transmit structural power.

12.1.5 Applicability of in-situ estimation method
The structural power calibration of the receiving structure before the source machine is
installed is an unbiased and general reference method. It can be used as a general method
when approximate measurement methods or theoretical power transmission predictions are
validated [51].
The approximate in-situ method described can be used when the driving-point mobilities of
either source machine or receiving structure are unknown. This method gives a reasonable
accuracy when the frequency is over the bounding frequency. The accuracy in one-third
octave bands is of order ± 4 dB that was found with a helicopter fuselage example. When
frequency is lower than the bounding frequency the accuracy is limited by cross couplings to
be of the order ± 10 dB. In built-up structures made of plate-like parts he bounding frequency
is approximately determined by the frequency for which the shortest distance between
mounting points is equal to half the largest flexural wavelength of the source or receiving
structures which control power transmission. If structures are more complex then the
bounding frequency is the higher of the fundamental node frequencies which is obtained from
the input mobilities [51].

12.2 Surface power or equivalent source power
The equivalent source power method ([54], [58], [59]), also called the surface power method,
can be used when evaluating the vibration characteristics of machines or when estimating the
power produced by their internal forces. The method has been found reliable and only little
effected by the mounting conditions of the machines.
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Determination of surface source power requires three series of measurements ([54], [57]):
(1) the driving-point mobility Y j j (ω ) = v j / F j at the point j where external point force
excitation
Y p j (ω )

2

Fj

is applied, (2) the spatially averaged squared transfer mobility

= v 2p j / F j2 , which relates the velocity responses at the suitably selected response

points p to a suitably selected external excitation point j on the casing, and (3) the spatially
averaged mean-squared velocity v 2p at the point p of the surface of the machine casing when
the machine is running at specified rotational speed and load.
From (2) and (3) one can estimate the equivalent mean squared point force F j2 ≡ Feq,2 j
which is required to produce the same mean squared vibration v 2p j = v 2p which gives
Feq,2 j = v 2p / Y p j (ω )

2

(193)

.

The equivalent force generally depends on the selected excitation point; however, the
structure-borne power it produces is rather insensitive [58]. Using the value of the equivalent
force from Eq. (193) one obtains the time averaged complex power J eq, j = Peq, j + iQeq, j that
this force produces as [54]
J eq, j = F

2
eq, j

Y (ω ) = F
∗
jj

2
eq, j

Y j j (ω ) e

− iϕ j (ω )

= v

2
p

Y j j (ω ) e

− iϕ j (ω )

Y p j (ω )

2

.

(194)

The real part Peq, j is the time averaged real power. The imaginary part Qeq, j is the time
averaged reactive power. It is proportional to the time averaged difference of kinetic energy
E k and potential energy E p of the total system: Qeq, j = 2ω ( E k − E p ) , where ω is the angular
frequency. The complex power takes into account the non-resonant forced vibrations of
compact sources and local vibrations at the excitation points [58].
The important internal forces and structural modes are taken into account by making a
number of estimations of Feq, j and J eq, j . From these uncorrelated estimates one gets an
average complex source power of the source [54]

J eq = J eq, j = v

2
p

Y j∗j (ω )
Y p j (ω )

2

= v 2p α p j (ω ) .

(195)

12.2.1 Excitation and response points
The external excitation points to get the best results are selected to be the rigid parts of the
casing, i.e., in stiffened shell or panel areas over ribs [54]. The locations and directions of the
exciting forces used should include the directions of dominating internal excitation forces
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ensuring that most of the structural modes are excited. Three or four excitation points have
been found to give accurate results [57].
The averaged transfer mobility and mean squared velocity of the machine casing are
measured in the direction of normal to the surface at a number of points to get a representative
estimate of its kinetic energy [57].

12.2.2 Machinery mounting conditions
The equivalent source power method gives reliable results, whether the source is resiliently
mounted (i.e., freely suspended with ideal boundary conditions) or rigidly mounted to the
receiving structure. This method also works when the modal density of the structure-borne
sound source is low [57].
The equivalent source power method was tested when the 3/4-scale model of a helicopter
gearbox was freely suspended and installed in the helicopter fuselage. In these tests four
external excitation points. Points A, B, and C were "hard" and point D relatively soft (Figure
51). In Figure 51 (b) is presented the driving-point mobility at

Figure 51. (a) Positions of excitation points A, B, C, and D normal to gearbox surface. (b)
Driving-point mobility of excitation point B:
modulus,
real part [57].

Figure 52. Proportionality function Re α p j (ω ) of gearbox, averaged from estimates based on
excitation points A, B, C, and D on casing. Gearbox mounting conditions:
suspended,
installed in helicopter [57].

freely

point B. In Figure 52 is presented the proportionality function Re α p j (ω ) of helicopter
gearbox. It was averaged from the estimates obtained when the excitation was at points A, B,
C and D on the casing. The gearbox was investigated under two mounting conditions: when it
was freely suspended and when it was mounted in the helicopter fuselage.
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13 Power transmission through vibration
isolator
13.1 Dynamic stiffness matrix and general concepts
In ISO 10846 standard stiffness-type quantities are used for the experimental characterization
of vibration isolators under static preload [60]. The characterization uses three blocks: the
vibration source, a number n of isolators and the receiving structures (Figure 53). An
assumption is made that there is a point contact at each connection between source and
isolator and between isolator and receiver. At each contact point a force vector F which
contains three orthogonal forces and three orthogonal moments and a displacement vector u
which contains three orthogonal translational and three orthogonal rotational components are
assigned.

F

V ib ra tio n s o u rc e

F

- u

1

1

u

1

n is o la to rs
1

F

F
2

- u
2

u

R e c e iv in g
s tru c tu re s
2

2

Figure 53. Schematic presentation of source/isolator/receiver system. At the connection point
one component of each force and velocity vectors F1, u1, F2 and u2 is shown [60].
Let us consider a simple case of unidirectional vibration transmission through one
vibration isolator. The positive directions of forces and velocities used to define the
impedance and mobility parameters are shown in Figure 54. Using these definitions of

v
F
1

1

v

S y s te m
In p u t

O u tp u t

2

F
2

Figure 54. Positive directions of forces F and velocities v at the input and output of a system
[36].
positive directions the isolator equilibrium may be expressed with the following stiffness
equations:
F1 = k1,1u1 + k1, 2 u 2 ,
(196)
F2 = k 2,1u1 + k 2, 2 u 2 ,

(197)

where k1,1 and k 2, 2 are driving-point stiffnesses when the isolator is blocked at the opposite
side (i.e. when displacement u 2 = 0 or u1 = 0 , respectively); k1, 2 and k 2,1 are blocked transfer
stiffnesses, i.e. they denote the ratio between the force on the blocked side and the
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displacement on the driven side [60]. For passive isolators k1, 2 = k 2,1 , because passive linear
isolators are reciprocal. At high frequencies the equality any more holds owing to additional
inertial forces. At low frequencies, where only elastic and damping forces are of significance,
all k i , j terms are equal. These equations hold for single frequencies and Fi and ui are phasors
and k i , j are complex quantities. In matrix form the Eqs. (196) and (197) are
F = K ⋅u ,

(198)

where the dynamic stiffness matrix is

é k1,1
K=ê
ëk 2,1

k1, 2 ù
.
k 2, 2 úû

(199)

The vibration isolator excites the receiving structure with force F2, which is obtained with
the driving-point stiffness k r of the receiving structure from Eq. [63], [60]
kr = −

F2
.
u2

(200)

The minus sign is due to the sign conventions presented in Figure 53 and Figure 54. From
Eqs. (197) and (200) one obtains the exciting force F2 [63], [60]

F2 =

k 2,1
u .
k 2, 2 1
1+
kr

(201)

From Eq. (201) is seen that for a given source displacement u1 , the force F2 depends both
on the isolator driving-point dynamic stiffness k 2, 2 and on the receiver driving-point dynamic
stiffness k r . If k 2, 2 < 0,1 ⋅ k r , then the force F2 approximates the blocking force to within
10 % and [60]
F2 ≈ F2,blocking = k 2,1 u1 .

(202)

A vibration isolator is effective only if on both sides of the isolator the dynamic stiffness is
large. Eq. (202) represents the situation at the receiving side. This forms the basis of the
measurement methods of ISO 10846. Measurement of the blocked dynamic transfer stiffness
for an isolator under static preload is easier than measurement of the complete stiffness
matrix. In addition it describes the isolator dynamic characteristic under its intended use.
If at each contact point the forces and displacements can be characterized with six
orthogonal components (three translations, three rotations) then the isolator may be described
as a 12-port [63]. In the Cartesian co-ordinate system (Figure 55) the generalized
displacement vector u1 at the input of the isolator is [60]
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Figure 55. Cartesian co-ordinate system with axes x, y, and z and used notations: F is force, M
is moment, u is translational displacement and γ is rotational displacement [60].

u1 = {u1x , u1 y , u1z , γ 1x , γ 1 y , γ 1z } ,
T

(203)

where ( u1x , u1 y ja u1z ) are the translational displacements and ( γ 1x , γ 1 y ja γ 1z ) are the
rotational displacements. At the output the generalized displacement vector u2 is

u 2 = {u 2 x , u 2 y , u 2 z , γ 2 x , γ 2 y , γ 2 z } .
T

(204)

The generalized force vector at the input of the isolator is [60]

F1 = {F1x , F1 y , F1z , M 1x , M 1 y , M 1z } ,
T

(205)

with three translational forces Fi j and three moments M i j as its components. At the output
the generalized force vector F2 is written equivalently

F2 = F2, blocking = {F2 x , F2 y , F2 z , M 2 x , M 2 y , M 2 z } ,
T

(206)

where the components are the three blocking forces and the three blocking moments [60].
Using the generalized forces and displacements the Eq. (198) can be written in the form

ìF ü
éK
F = í 1 ý = K ⋅ u = ê 11
îF2 þ
ëK 21
This equation can be expanded as

K 12 ù ì u1 ü
í ý.
K 22 úû îu 2 þ

(207)
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ì F1x ü é k1,1
ïF ï ê
ï 1y ï ê
ï F1z ï ê
ï ê
ï
ï M 1x ï ê
ï M 1y ï ê M
ï ê
ï
ï M 1z ï ê k 6,1
ý=ê
í
ï F2 x ï ê k 7,1
ï F2 y ï ê
ï ê
ï
ï F2 z ï ê
ïM ï ê
ï 2x ï ê
ïM 2 y ï ê M
ï M ï êk
î 2 z þ ë 12,1

k1, 2

L

k 6, 2
k 7,2

O
M
L k 6, 6
k 7,6

O
k12, 2

k1, 6

k1, 7

M
k 6,7
k 7,7

M

L k12, 6

L

k1,8

O
L

k 6 ,8
k 7 ,8

M

O

k12,7

L

k1,12 ù ì u1x ü
ú ï ï
ú ï u1 y ï
ú ï u1z ï
ú ï ï
ú ïγ 1x ï
M ú ïγ 1 y ï
ú ï ï
k 6,12 ú ïγ 1z ï
= í ý,
k 7 ,12 ú ïu 2 x ï
ú
ú ïu 2 y ï
ú ïu ï
ú ï 2z ï
ú ïγ 2 x ï
ú ï ï
M ú ïγ 2 y ï
k12,12 úû ïîγ 2 z ïþ

(208)

where can be seen the meaning of the elements of 12 × 12 stiffness matrix. With the
submatrix K21 and displacement u1 the generalized blocking force F2 is [75]
ì F2 x ü é k F2 x ,u1x k F2 x ,u1 y k F2 x ,u1z k F2 x ,γ 1x k F2 x ,γ 1 y k F2 x ,γ 1z ù ìu1x ü
úï ï
ï
ï ê
ï F2 y ï ê k F2 y ,u1x k F2 y ,u1 y k F2 y ,u1z k F2 y ,γ 1x k F2 y ,γ 1 y k F2 y ,γ 1z ú ïu1 y ï
ú
ï
ï êk
k F ,u
k F ,u
k F ,γ
k F ,γ
k F ,γ ú ïu ï
ï F2 z ï ê F2 z ,u1x
2 z 1y
2 z 1z
2 z 1x
2 z 1y
2 z 1z ï 1 z ï
úí ý .
í
ý=ê
ï M 2 x ï ê k M 2 x ,u1x k M 2 x ,u1 y k M 2 x ,u1z k M 2 x ,γ 1x k M 2 x ,γ 1 y k M 2 x ,γ 1z ú ïγ 1x ï
úï ï
ï
ï êk
k
k
k
k
k
ï M 2 y ï ê M 2 y ,u1x M 2 y ,u1 y M 2 y ,u1z M 2 y ,γ 1x M 2 y ,γ 1 y M 2 y ,γ 1z ú ïγ 1 y ï
úï ï
ï
ï ê
î M 2 z þ êë k M 2 z ,u1x k M 2 z ,u1 y k M 2 z ,u1z k M 2 z ,γ 1x k M 2 z ,γ 1 y k M 2 z ,γ 1z úû îγ 1z þ

(209)

The elements of submatrix K21 have the following meaning:
k 7,1 = k F ,u =
2 x 1x

F2 x , blocking
u1 x

and k10, 4 = k M ,γ =
2 x 1x

M 2 x, blocking

γ 1x

, etc.

Owing to symmetry many of elements will be equal to zero and some non-zero elements
may be equal in magnitude see examples in [60] and [63]. In practise often one, two or three
diagonal elements is sufficient to describe the dynamic stiffness properties of isolator in the
translational directions. In practical cases it must be considered which translational directions
are important. Sometimes owing to the geometry and properties of the isolator it may have
large transverse stiffness and may also have large rotational stiffness. When isolators of this
kind are applied in thin-walled structures and for rather high frequency isolation then the
rotational stiffness components may be important and must be included in the measurements
and analysis [60].

90 (106)
RESEARCH REPORT No. BVAL37-021229

13.2 Determination of power transmitted via vibration
isolator
13.2.1 Direct method
In the direct method the time averaged vibrational power which is transmitted through a
vibration isolator is determined by measuring the force and velocity directly ([19], [64], [65],
and [74]) (see Figure 56). In the direct measurement method at each contact point one must
measure the force and vibration velocity in each excitation direction. In practise this is not
always possible because the force transducer cannot be installed in series with the isolator.
For example following reasons can prevent installation of force transducer: there is not room
enough, the machine cannot be lifted because its shaft alignment cannot be changed, the
measurement must be made in-situ, force transducer is not mechanically durable, attachment
is not possible or its mass distorts the measurement results.

F o rc e tra n s d u c e r

A c c e le ro m e te rs

a )

b )

Figure 56. Determination of structure-borne sound power transmission through an isolator. a)
Direct method, and b) indirect method. Vibrational energy flows in the direction of the
hatched arrow [64].

13.2.2 Indirect method
Structure-borne sound power transmission through an isolator can be determined indirectly
using cross-spectral methods [61], [62], [63], and [64]. In this method the force is not
measured directly. It is determined indirectly using the transfer stiffness of the isolator and the
displacement of the upper surface of the isolator (see Figure 56). For these reasons the method
is often applicable if the measurements are to be made in-situ provided that there is enough
space for the mounting of transducers.
Let us consider a vibration isolator under unidirectional excitation at the input point 1 and
that the output point 2 is blocked, e.g., its displacement is zero. The force exerted by the
isolator on the receiving structure is obtained from Eqs. (197) and (200) as
F2 = k 2,1u1 + k 2, 2 u 2 =

k 2,1
k
u1 ≈ k 2,1 (1 − 2, 2 )u1 ,
k 2, 2
kr
1+
kr

(210)
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where k 2,1 is the blocked transfer stiffness over the isolator, i.e. it denotes the ratio between
the force on the blocked side and the displacement on the driven side, k 2, 2 is the driving-point
stiffness when the isolator is blocked at the opposite side, u1 is the vibration displacement at
the input point 1 and u 2 is the vibration displacement at the output point 2. The
approximation is valid within 10 % when k 2, 2 < 0,1 ⋅ k r [60].
The time average of structure-borne sound power transmitted P t to the structure in one
contact point is obtained as time average of the product between the exciting force and the
resulting velocity. This can be calculated from equation (e.g. [63], [31])
P

= E [F2 (t ) ⋅ v 2 (t )] = RF2v2 (0) = Re ò G F2v2 ( f )df ,
∞

t

(211)

0

where E [ ] denotes the expected value of the expression inside the brackets, RF2v2 (0) is the
cross-correlation function between the force F2(t) and velocity v2(t) signals as a function of
the delay time τ = 0 , and G F 2 v 2 ( f ) is the one sided cross spectral density function between
the force F2(f) and velocity v2(f) signals. When the force and velocity are determined using the
measured acceleration signals then Eq. (211) can be written as
P

t

=ò

∞
0

ù
∞ Im
kˆ2∗, 2
Im é ˆ ∗
(
1
−
)
G
(
f
)
k
ú df ≈ ò 0 3 kˆ2∗,1Ga1a2 ( f ) df ,
ê
2 ,1
a1a 2
3
∗
ω êë
ω
kˆr
úû

[

]

(212)

where Ga a2 ( f ) is the one sided cross spectral density between the measured acceleration
1

signals a1(f) at the input and a2(f) at the output of the vibration isolator, kˆ2,1 is the blocked
transfer stiffness of the isolator, kˆ2, 2 is the blocked driving-point stiffness of the isolator, kˆr

is the driving-point stiffness of the receiving structure, (ˆ⋅ ) denotes Fourier transform, and
symbol ⋅∗ denotes complex conjugate. Usually the driving-point stiffness of the receiving
structure is much larger than the driving-point stiffness of a soft vibration isolator and then
the approximations of Eq. (210) and (212) can be used. From Eq. (212) one can see that for
the determination of the structure-borne sound power transmission through a vibration
isolator the dynamic blocked transfer stiffness of the isolator is needed. The dynamic blocked
transfer stiffness can be determined using test rigs constructed for this purpose (e.g. [63], [64],
[67], [68], [71], [72]). In addition the acceleration signal a1 on the excited side and the
acceleration signal a2 on the output side of the isolator are measured using standardized
method [73]. With these quantities the approximate time average of the transmitted power can
be determined. In case that there are many isolators one can assume that the power
transmitted through one isolator is independent on the power transmitted through other
isolators. Then the approximate time average of the total power through N isolators is
obtained as a sum

()

N

P

t , tot

=

å
i =1

Pi

t

,

(213)
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where Pi

t

is the time average of the power transmitted through isolator i.

13.2.3 Generalization of the indirect method
The characterization of the dynamic properties of vibration isolators can be generalized to
include all directions of translational and rotational vibrations using generalized force and
displacement at contact points (e.g. [63], [64]). If forces and moments can be characterized by
six orthogonal components including three translations and three rotations, then the isolator
may be described as a 12-port [63]. Using the generalized force defined in Eq. (205) and
(206) and the generalized displacement redefined in Eq. (203) and (204) the Fourier
transformed equilibrium equations can be written
ˆ uˆ + K
ˆ uˆ ,
Fˆ 1 = K
11 1
12 2

(214)

ˆ uˆ + K
ˆ uˆ ,
Fˆ 2 = K
21 1
22 2

(215)

and
where K̂ 11 and K̂ 22 are the Fourier transformed blocked dynamic driving-point 6 x 6
stiffness matrices and K̂ 12 and K̂ 21 are the Fourier transformed blocked dynamic transfer 6 x
ˆ =K
ˆ T, K
ˆ =K
ˆ T and
6 stiffness matrices [64]. From reciprocity it follows that K
12

21

11

11

ˆ =K
ˆ T , with T denoting a transpose [64]. In vibration isolation the objective is to get a
K
22
22
large source-receiving structure path stiffness mismatch. Usually driving-point stiffness of the
receiving structure is much large than the isolator stiffness, then [63]
ˆ uˆ .
Fˆ 2 ≈ K
21 1

(216)

This approximation reduces the number of needed stiffness elements for a single isolator to
36 = 6 × 6 . Further reductions can be obtained due to isolator shape symmetries (see [60],
[63], [75]). The metal plates at the ends of an isolator can be considered to be integrated to the
receiving structure, because the stiffness mismatch is at the rubber-plate interface [64]. In
cases where the approximation of Eq. (216) can not be used Eq. (215) still applies resulting to
element number 72 = 6 × 6 + 6 × 6 for the accurate force estimation at the receiving structure
[64].
With cross-spectral techniques the power transmission through vibration isolator to
receiving structure in different degrees of freedom can be determined indirectly [64], [66].
The total power transmitted is obtained as a sum of powers in different degrees of freedom. In
the measurement technique one needs to measure the vibration velocities of resiliently
mounted machinery. This can be made using standardized methods [73]. Also the needed
dynamic transfer stiffnesses of isolators can be measured using standardized methods
described in [60], [74], [75].
Amunarriz has studied the power transmission over a cylindrical rubber isolator [66]. The
diameter of the isolator was 100 mm, height 54 mm and hardness 40° IRH (International
Rubber Hardness). In the frequency range 20 Hz - 1 kHz 97 % was transmitted by
translational degrees of freedom, 2,1 % by cross couplings and 0,9 % by rotational degrees.
At low frequencies in the frequency range 20 Hz - 500 Hz the share of translational degrees
was 96 % and that of rotational degrees 4 %. At high frequencies in the frequency range
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500 Hz - 1 kHz the share of translational degrees decreases to 91 % and there is an increase in
the contribution of rotational degrees reaching 5 % and cross couplings reaching 4 % [66].
These approximate results can give guidance when considering the effect of rotational and
cross coupling components in the power transmission through vibration isolators in
engineering applications.

14 Research and test facilities of vibration
isolators
14.1.1 Research and facilities at KTH, Sweden
In Sweden at KTH, The Royal Institute of Technology, active research and testing has been
done for years in The Marcus Wallenberg Laboratory for Sound and Vibration Research
(MWL) leaded by professor Anders Nilsson [64], [65], [66].
Let us take an example of the research work done in this laboratory. Leif Kari has
measured in six degrees of freedom up to 1 000 Hz the blocked dynamic transfer stiffness of a
cylindrical rubber vibration isolator under four different static preloads [64]. He has also
developed models and made theoretical calculations of transfer stiffness of rubber mounts. He
applied correlation technique and stepped sine excitation to improve the signal to noise ratio.
Indirect test method is used in the KTH test rig (Figure 57). Kari has studied a vulcanized
natural rubber isolator. Its length was 50 mm, radius 50 mm, and hardness 40° IRH
(International Rubber Hardness). The allowed continuous static load was limited to 3 000 N.
He measured the axial static force due to axial deformation in the domain 0 - 12 mm in steps
of approximately 1 mm. The measured axial dynamic stiffness in the frequency range 50 1 000 Hz under different preloads is presented in Figure 59 and Figure 60. The stiffness
magnitude curve in Figure 59 is plateau like in the low frequencies up to about 400 Hz.
Thereafter the curve rises to a peak at 500 Hz, drops to a trough, rises to a second peak and so
on. Taking into account the magnitude curve with the phase curve, the three peaks occur
likely at anti resonance and the first and the third troughs are likely connected to resonances
[64].
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Figure 57. Schematic presentation of the test rig of vibration isolators at KTH [65]. It is based
on indirect method. The parts are: A isolator under test, B force distribution plate, C blocking
mass, D piezoelectric accelerometers, E strain gage, F electrodynamic vibration generators, G
upper auxiliary isolator, H lower auxiliary isolator, I heavy and rigid frame, J strong columns,
and K crosshead.

Figure 58. Measured axial compression force versus corresponding displacement. Test object
is the rubber vibration isolator [64].
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Figure 59. Measured magnitude of transfer stiffness. Test object is the rubber vibration
isolator. 0 N (solid thin), 1 600 N (dashed), 2 100 N (dotted) and 3 350 N preload (dashdotted) [64].

Figure 60. Measured unwrapped phase of transfer stiffness. Test object is the rubber vibration
isolator. 0 N (solid thin), 1 600 N (dashed), 2 100 N (dotted) and 3 350 N (dash-dotted) [64].
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14.1.2 Research and facilities at AMRL, Australia
In Australia testing of vibration isolators is made in The Aeronautical and Maritime Research
Laboratory (AMRL). This laboratory belongs to Defence Science and Technology
Organization (DSTO). There Dickens and Norwood propose a two-mass method to determine
the four-pole parameters of a uni-directional asymmetrical vibration isolator [67]. They have
developed and tested a test rig shown in Figure 61.

Figure 61. Schematic diagram of vibration isolator test rig [67].
The test rig employs the floating mass method and direct force measurement and it may
also employ the two-mass method. Vibration isolators operated in lateral and transverse
orientations may also be tested with this test facility. Vibration isolator is mounted between
two large masses. An electro-dynamic shaker via the excitation mass applies the dynamic
load. The floating mass provides a reaction force to the output force of the vibration isolator.
Air bags are used to produce easily adjustable static load. They also give good vibration
isolation between the mass and the supporting structure. The seismic mass of 22 tons with
dimensions 3 m × 3 m × 1 m is made of reinforced concrete. It is supported on four air bags.
The mounted natural frequency of this test facility is approximately 1,2 Hz. The upper frame
supports the shaker. The lower frame provides the reaction forces for the upper static loading
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air bags. The two frames are used to reduce the coupling between the preloading structure and
the shaker. The vibration due to flanking transmission is 90 dB smaller than the vibration
level due to direct transmission. The vibration velocities at input and output of the vibration
isolator are measured with accelerometers attached to the excitation and floating masses. The
dynamic force applied by the excitation mass to the vibration isolator is measured directly
with a force measuring assembly consisting of eight force transducers. The test facility is
constructed to measure dynamic stiffness in the range of 1 × 10 5 − 2 × 10 7 N/m with preloads
varying from 1,5 to 30 kN and over a frequency range from 10 Hz to 2 000 Hz [68].
With the test facility it is possible to determine the four-pole parameters of an unidirectional or bi-directional, and asymmetrical or symmetrical vibration isolator under static
load. Generally vibration isolators incorporating some form of active control are examples of
uni-directional vibration isolators [68].
The method proposed by Dickens and Norwood to dynamically characterize vibration
isolators with four-pole parameters has three advantages [67]. Firstly, the characterization is
independent of the method. Traditionally the transmissibility of a vibration isolator is
determined by attaching a mass on the isolator, which in turn is supported on a rigid
foundation. Then a shaker excites the mass and the output of the vibration isolator is
considered to be blocked. The transmissibility is determined as the ratio of the output force of
the vibration isolator to the input force excerted to the mass. So it depends on the supported
mass, and is not independent on the test arrangement. Secondly, at high frequencies evident
mass effects of the vibration isolator are taken into account. In traditional methods the
distribution of mass and stiffness of the vibration isolator are not included. So the massless
spring model fails to predict the existence of the longitudinal standing waves which reduce
the performance of real vibration isolators. Thirdly, the four-pole parameters of a complicated
mechanical system can be computed from the four-pole parameters of its components.
The traditional methods for the determination of four-pole parameters of a vibration
isolator under static preload use blocked test configuration. Because asymmetrical vibration
isolators require additional information which is obtained by reversing the vibration isolator
in the test rig meaning that its input and output sides are interchanged. This procedure is
inapplicable for uni-directional vibration isolators as for active vibration isolators [67].

14.1.3 Research and facilities at TNO TPD, The Netherlands
The TNO Institute of Applied Physics - Technisch Physische Dienst (TNO TPD) has been
carrying out an active and extensive research on resilient elements since 1975. In this context
various test facilities have been developed for measuring the sound transfer and the dynamic
stiffness of resilient components in the six degrees of freedom under normal operational
conditions, such as static preload and internal pressure [71], [72]. In the test rigs the real
component properties can be measured for multi-directional excitation under operational
static load. In a test rig (Figure 62 and Figure 63)

98 (106)
RESEARCH REPORT No. BVAL37-021229

Figure 62. (a) Schematic diagram of the measurement apparatus (not to scale), shoving main
dimensions. (b) Equivalent mass-spring system [69].

Figure 63. Test facility with a flexible shaft under test in the axial excitation mode (torsional
preload with two hydraulic cylinders) [71].
the vibration isolator under test is assembled between two masses. The upper mass simulates
the machine side and acts as an excitation mass. The lower mass is used to determine the socalled blocked forces, which a flexible element exerts on high impedance seating. The seating
is the local attachment point on the receiving substructure to which the "lower" end of the
isolator is attached [19]. The frequency range of interest determines the sizes and dimensions
of these masses. In the measurement range over the natural frequency of the system the sound
transfer functions and the dynamic stiffnesses can be determined. Changing the direction of
excitation this determination can be made in all other degrees of freedom. Flexible saft
couplings up to 1 m diameter and 75 kNm torsional preload can be tested in the largest test
rig. The torsional preload is obtained with pneumatic or hydraulic auxiliaries.
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Resilient mountings can be measured in a hydraulic pressure test bench. The mounting is
assembled between two masses, which vibrate as free, rigid bodies in the frequency range
considered. The mounting and the masses are decoupled from the frame with auxiliary soft
mountings. These mountings provide support and static preload. The electrodynamic shaker
connected to the excitation mass produces the excitation. The measurements are made using
accelerometers. Selection of masses and auxiliary mountings provides a useful measurement
frequency range from 20 Hz to 2 000 Hz [71], [72]. The dimensions of the masses can be
changed to obtain the upper measurement limit of 4 kHz [70]. In the largest test rig the
preload can be 100 tons. The measurements are made according to standard ISO 10846, parts
1-5 [72].

Figure 64. Test facility with rubber mounting under test in the vertical excitation mode [71].
Bellows and flexible hoses can be tested in similar test rigs as is used for mountings and
couplings (see Figure 65). The measurements are made under real pressure conditions inside
the elements.

Figure 65. Test facility for flexible hoses and bellows. An auxiliary system (mass and house)
has been connected to eliminate the effects of fluid-borne sound transmission to the blocking
mass [71].
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14.1.4 Research and facilities at HUT and VTT, Finland
A test facility (Figure 66) for the measurement of dynamic properties of vibration isolators
under preload according to the direct method of ISO 10846 was constructed by Laboratory for
Mechanics of Materials and VTT Industrial Systems [76], [79]. This laboratory belongs to the
Department of Mechanical Engineering at Helsinki University of Technology. It is located at
Espoo city. The research of dynamic properties of vibration isolators done in co-operation
with participants from both organizations is one subprogram of the technology program
Control of Vibration and Sound VÄRE (1999-2002). This programme is funded by National
Technology Agency (Tekes) of Finland.

Upper mass

Upper and lower mass
•
•
•
•

breadth
height
depth
mass

750 mm
297 mm
297 mm
254 kg

Loading cylinder
Accelerometer
Preload tarnsducer
Force distribution
devices

Vibration
isolator

Accelerometer

Steel cylinders
• diameter 100 mm
• length 1500 mm
• mass
92 kg

Force transducer

Lower mass

Bolt M24 (24 pieces)
• length 240 mm
• mass 1,1 kg

Figure 66. Test rig for the measurement of dynamic properties of vibration isolators according
to the direct method of ISO 10846 at Helsinki University of Technology, Department of
Mechanical Engineering in the Laboratory for Mechanics of Materials in Espoo city.
Two steel cylinders form the frame of the test rig. Between them is attached two adjustable
masses. The total mass of the frame structure is 720 kg. Some modifications were made to the
original test rig [76], and now the test rig is planned to achieve the following operating
parameters [79]:
- The requirements of ISO 10846 are fulfilled in the application area
- Displacement amplitude of the excitation from 0,1 to 2 mm
- Static preload up to 4 kN
- Frequency range up to 240 Hz, but depends on preload and amplitude
- Vibration isolators with diameters up to 200 mm can be attached. The length of a vibration
isolator is not fixed, because the location of the upper mass can be adjusted.
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Some research has been done on wire rope vibration isolators using the indirect method of
ISO 10846, part 3 [77], [78]. This wire rope research belongs also to VÄRE technology
programme. The test facilities of VTT Industrial Systems in the research area Intelligent
Products and Services include the Ling Dynamic Systems 455 series vibrator with mass
81,6 kg. It may produce a maximum sinusoidal force of 489 N when external cooling fan is
used. When only natural cooling is used then only a force of 177 N is available. The available
frequency range is from 10 Hz to 7 500 Hz. The maximum displacement amplitude of the
shaker table is 9,5 mm and the maximum velocity 2,5 m/s. Maximum acceleration of bare
table is 117 g. Effective mass of the moving system is 0,43 kg. A rated force, random rms flat
spectrum 20 - 2 000 Hz, of 283 N can be achieved with payload equal to or greater than
armature moving mass of 0,43 kg.
VTT Industrial Systems has also mechanical test facilities at Espoo including
electrodynamical vibrators. Their main characteristics are maximum force 35,6 kN, frequency
range 5 … 2 000 Hz, maximum acceleration 1 100 m/s2, maximum velocity 1,8 m/s, and
maximum amplitude 50 mm.

15 Conclusions
Typically a machine is mounted on a flexible foundation. These installations are to be
designed for minimum vibration and sound radiation. In these analysis vibrational power
transmission analysis, both analytical and experimental, is beneficial when the transmission
paths from machine are assessed. The power transmitted from a machine to its foundation is
not only dependent on the source strength of the machine, but it is also dependent both on the
source and receiver dynamical characteristics. That is why a designer needs to know the
receiver and source mobilities with the free velocity of the machine to be installed. If the
machine is mounted via a set of vibration isolators, then their dynamic transfer stiffness is
needed. This can be obtained using standardized measurements. Depending on the application
a unidirectional model may be sufficient, otherwise the dynamic characteristics of isolators
needs to be known in other relevant translational and rotational degrees of freedom.
Experimentally the power transmission can be estimated in-situ. This method is based on
the structural power calibration of the receiving structure, which is made before the source is
installed. An approximate transmission estimate can be obtained with the source already
installed, provided that either the source or receive mobility is available at the contact points.
There is still a need for continued research work towards internationally accepted methods
for the characterization of structure-borne sound sources and for predicting the transmission
of structure-borne sound power into source foundations and receiving structures. However,
progress has been made in recent years in this respect. Engineers being unable to predict
vibration and sound levels of real structures all but at very low frequencies using numerical
packages like FEM or BEM are seeking other solutions like energy-related methods. In these
methods the structure-borne sound power can be used in the prediction of resulting vibration
and sound levels.
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